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Abstract
This paper continues the work initiated in [19]. We adopt the same model as
in [19]. We show that the non-backward-induction equilibrium component
may be evolutionarily stable for any population size in a finite stopping game
where the two equilibrium components are terminated by different players.
A surprising result is that the backward induction equilibrium component
may not be evolutionarily stable for large populations. Finally, we study
the evolutionary stability result in a different limiting process where the
expected number of mutations per generation is bounded away from both
zero and infinity.
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1

introduction

The backward induction equilibrium (the so-called ‘subgame-perfect equilibrium’) introduced by Selten in [17] and [18] is traditionally regarded as the
unique outcome for finite extensive-form games with perfect information in
the realm of full rationality and common knowledge of full rationality. That
is, each player never plays anything which she knows is not optimal, and each
player knows that everyone is rational, and also knows that everyone knows
that everyone is rational, and so on (see Aumann [1]). However, there is wide
disagreement between game theorists regarding the epistemic foundation of
the solution concept of backward induction equilibria. In particular, Binmore
in [3] argues that a rigorous model should incorporate what would happen
if a rational player were to deviate from rational play. Ben-Porath in [2]
shows that the backward induction outcome is not the only outcome consistent with common certainty of rationality. We are not going to substantiate
one claim or another in this paper. Instead, we focus on an evolutionary
approach proposed by Hart in [11] for equilibrium selection. In [11] and [10],
the backward induction equilibrium of a perfect information game is shown
to be the unique evolutionarily stable outcome for dynamic models consisting
of selection and mutation, when the mutation rate is low and the populations are large. We show this is not always true in an extensive-form game
with multiple moves from a player: regardless of population size, other Nash
equilibria may also be evolutionarily stable.
A dynamic evolutionary process is essentially a mutation-selection process where mutation plays the role of perturbations. For finite extensive-form
games of perfect information, the dynamic process approaches the backward
induction equilibrium points, as the perturbation goes to zero. (Recall that in
these games trembling-hand perfection is the same as subgame perfection.)
1

A natural question is whether the evolutionary models with the mutation
rate decreasing to zero yield the analogous limit points, namely that most
individuals in each population follow their own backward induction strategies most of the time. With notions in Hart’s paper [11], this question can
be rephrased as ‘is backward induction equilibrium the unique evolutionarily
stable outcome for every finite extensive-form game of perfect information?’.
Loosely speaking, a state is evolutionarily stable if it is robust against persistent random perturbations, not just isolated random perturbations, as is
assumed for evolutionarily stable strategies (see [15]). The notion evolutionarily stability is also called ‘stochastically stable’ by Foster and Young in [7],
by Young in [21] and [22], ‘long-run equilibrium’ by Kandori et al. in [13],
‘in the support of limit distribution’ by Samuelson in [16] and by Fudenberg
and Levine in [6].
This question has been extensively analysed under various selection mechanism. For the mechanism of replicator dynamics, Gale et al. [8], Cressman
and Schlag [5], and Gintis et al. [9] have shown that, in many cases, Nash
equilibria other than the backward induction equilibria are also stable. For
the mechanism of best or better reply, Noldeke and Samuelson [12] consider
a model in which each individual is characterised by its own action and its
conjecture about the composition of the populations at all nodes. They give
an example to show that, when the mutation rate goes to zero, the nonbackward induction equilibrium-strategies may have positive probability in
the invariant distribution of the Markov chain generated from the evolutionary dynamic process with finite population size. In contrast to this, Hart
[11] proves that, in a basic and operational model with no conjectures or
beliefs involved, the backward induction equilibrium is the unique evolutionarily stable outcome, when the populations go to infinity, the mutation rate
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decreases to zero, and the product of population size and mutation rate is
bounded away from zero. This boundary condition can be interpreted as
requiring that the expected number of mutations per generation does not
go to zero. Gorodeisky [10] relaxes this constraint on the product of population size and mutation rate. Kuzmics [14] extends Hart’s result to the
dynamic process proposed by Noldeke and Samuelson, although it requires
both population size and the expected number of mutation per generation go
to infinity. Note that in all these papers any player can never play at more
than one node along any path of the game.
We adopt the model in [11] but allow multiple moves of a player along
a path of the game. In [19], we present a two-player finite stopping game
where the backward induction equilibrium component is not the only evolutionary stable result for large populations. A finite stopping game is a finite
extensive-form game of perfect information where each node has at most one
immediate succeeding node and all its other immediate children are terminal vertices. This is the starting point to study evolutionary stability in
extensive-form games. We do not need to consider a (reduced-form) strategy consisting of moves in multiple branches. (See the second paragraph in
Section 2 for the definition of reduced-form strategies.) We also do not need
an assumption on whether a better/best strategy will change its moves at
unaffected disconnected nodes. When a mutation happens, we do not need
to compare the mutation rate of moves at different branches in a strategy.
The example in [19] applies to the case in which both the backward induction
equilibrium component (abbreviated as BC) and the alternative Nash equilibrium component (abbreviated as N C in this section) are terminated by
the same player. The dynamics of the population at the disconnected node
is supported by a combinatorial lemma, Lemma 8.7 in [19]. In that example,
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the strategy of player II in the alternative pure Nash equilibrium is a weakly
dominated one.
For the case that BC and N C are terminated by different players in a
finite stopping game, we show an example in Section 4 below that N C is
also evolutionarily stable for any population size. Here, neither the strategy
of player I nor the one of player II in the alternative pure Nash equilibrium
is weakly dominated. Moreover, this example is a minimum one: it contains
the minimum number of nodes in a game where BC and N C are terminated
by different players and N C is evolutionarily stable for large populations.
In section 7, we discuss why such a game needs more than three nodes,
using a shortened version of this example. The conclusions hold for both the
best reply and the better reply selection mechanisms. Here the dynamics of
the population at the disconnected node are supported by the combinatorial
lemma, Lemma 8.7.
Unlike in the case of normal-form games, the dynamic process applied
to extensive-form games incorporates individuals’ repeated assessment of the
consequences of diverting play to unreached nodes. It is thus not straightforward to produce a general characterisation theorem. Each such game needs a
supporting combinatorial result to describe the dynamics of the proportions
of the strategies different from the backward induction ones. (Few general
results exist for extensive-form games under other selection mechanisms or
stability notions as well. cf. [4]) It is thus an open question whether a concise
characterisation theorem exists for all finite extensive-form games of perfect
information.
An unexpected result in this paper is that under the best-reply dynamics
a game exists where BC is not evolutionarily stable when the population size
approaches infinity. This is proved to be not true in either the model of Hart
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[11] or the one of Nodelke and Samuelson [12], where players can never play
at more than one node along each path in the game. When the mutation
rate decreases to zero, we can approximate the Markov process by ‘blocks’ of
time in best-reply dynamics (with no mutation) where every two consecutive
blocks are separated by just one mutation. If from some equilibrium component which is evolutionarily stable for large populations, with probability
bounded from below when populations increase to infinity, a mutation can
trigger a transition to another component, then that arrival component can
be shown to be evolutionarily stable for large populations. However, this
approach does not work well for all extensive-form games. We present a twoplayer finite stopping game in Section 5 where such a transition triggered by
one mutation does not exist in both directions between BC and N C with
probability approaching 1 when the population size increasing to infinity.
The relative frequency of occurrence of each component is thus determined
by some event of small probability when populations are large. Note that
in our model, when there are multiple best replies, each one is selected with
equal probability. For the example in Section 5, it is the event, inconsistent with the strong law of large numbers, that the relative proportions of
a population at a disconnected node can trigger a further transition to the
other component. We compare such ‘inconsistency probability’ between two
components in both directions. We can further show that the probability of
transition from BC to N C is ‘much greater’ than the probability in the other
direction, although the absolute values of both probabilities are very small.
Hence, we can conclude that only N C is evolutionarily stable in that game
for large populations.
We consider a different limiting process of the evolutionary dynamics in
Section 6. As before, the populations are still going to infinity and the mu-

5

tation rate is decreasing to zero, but the product of population size and
mutation rate is bounded away from both infinity and zero. We show that
the backward induction equilibrium is not the unique evolutionarily stable
state in this game for large populations. Although the result of this example
is weaker than the one in Section 4, it is under a different boundary condition. In the example in Section 4, we need instead the mutation rate to be
extremely small with respect to the population size. That is, the expected
number of mutations per generation may not be bounded away from zero.
Moreover, the techniques in the proofs are different. In the latter example,
we compute the invariant distribution directly, while, in the former one, we
compare the transition times in the induced Markov chain.

2

The Model

The model is the same as in [19]. For convenience, we copy it below.
We consider a generic finite N -player game Γ in extensive form with perfect information. In the generic assumption, no player obtains the same
utility at any two terminal vertices. Thus, the backward induction equilibrium in Γ is unique. Without loss of generality, we assume that Γ does not
contain any chance move. We denote the strategy set of player i to be Ai ,
Q
i = 1, ..., N . Put A := 1≤i≤N Ai . For every a in A players receive payoffs
determined by a in Γ. Without loss of generality, we consider reduced-form
strategies in this paper. That is, we view two strategies of a player the same
strategy if it is impossible to reach different payoff to this player from these
two strategies. For instance, given the game in Figure 1, conventionally, for
a strategy of player I where she plays the action a1 at the top node, that
strategy must also specify the action she would play at the bottom node.
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We, however, do not specify it, as it is impossible to reach the bottom node
in that case. Hence, in this one-player game, there are only three strategies
a1 , a2 and a3 in our definition.
a1
7

I

a2

I

a3

3 4
Figure 1: Example to the definition of strategies
For each player i, the set of mixed strategies of player i is a unit simplex
on Ai , and we denote it by
i

X

X i := 4(Ai ) = {xi ∈ RA
+ :

xiai = 1}.

ai ∈Ai

We then denote the set of mixed strategy profiles by X :=

Q

1≤i≤N

X i . Let

ui : A → R be the payoff function of player i.
We consider the following population game associated to Γ. Assume that
for each i with 1 ≤ i ≤ N there is a non-empty population M (i) of individuals
playing the game in the role of player i. For simplicity, we put |M (i)| = m
for all i. We define a state w to be the collection of pure strategies of each
individual in each population, i.e., w = (wi )1≤i≤N where wi := (wi (q))q∈M (i)
Q
and wi (q) ∈ Ai for each i. Let the state space W be 1≤i≤N (Ai )M (i) . At a
state w, for each i, let mai (w) be the number of individuals playing strategy
ai ∈ Ai , and let xiai (w) be the proportion of population M (i) that plays the
strategy ai , i.e., xiai (w) = mai (w)/m. We put xi (w) := (xiai (w))ai ∈Ai , and
thus we may view each state w as an N -tuple mixed strategy x(w) = (xi (w))i
in X.
7

We define a discrete-time Markov chain (Zt )t≥0 such that each Zt is a
random variable valued in W . Note that for a rigorous analysis, one needs to
define first the sample space Ω := W N , which is the necessity for the definition
of this Markov chain and its transition probabilities. We shall not refer
to it explicitly, when the context allows. Given the population size m and
mutation rate µ, the transition probabilities Pµ,m of this Markov chain specify
the probability that Zt+1 equals a state w̃ given a history Z1 = w1 , ..., Zt = wt ,
i.e., Pµ,m (Zt+1 = w̃|Z1 = w1 , . . . Zt = wt ), for each t ≥ 0. We further assume
(Zt )t≥0 to be a stationary Markov chain dictated by a one-step transition
probability matrix Qµ,m , i.e.,
Pµ,m (Zt+1 = w̃|Z1 = w1 , . . . Zt = wt ) = Qµ,m (w̃|wt ),
for every w1 , ..., wt , w̃ in W and t = 1, 2, . . .. If context allows, we drop
the subscript µ and m of P and Q; for a strategy a of some player i, at
stage t, we also abbreviate ma (Zt ) by ma (t) or simply A(t), which is the
random number of individuals in population M (i) playing the strategy a in
the Markov chain at stage t. We view Q as a transition rule concerning
‘selection’ and ‘mutation’ described in the following basic model with a bestreply selection mechanism, which is adapted from the better-reply selection
mechanism introduced by Hart in [11].
• The chosen q i undergoes mutation, selection or no change, with probability µ, σ and 1 − µ − σ, respectively.
• Conditional on mutation, the individual q i chooses a random strategy,
i.e., w̃i (q i ) = ai with probability 1/|Ai | for each ai in Ai .
• Conditional on selection, we define a set of ‘best strategies’, namely
BS i (w) := arg max
ui (ai , w−i ).
i
i
a ∈A
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(2.1)

where w−i indicates the collection of pure strategies of each individuals
in all populations other than M (i). If no ambiguity, we abbreviate
the notation BS i (w) by BS i . If wi (q i ) ∈
/ BS i , then the new strategy
w̃i (q i ) of q i is a randomly chosen best strategy, i.e., w̃i (q i ) = ai with
probability 1/|BS i | for each ai ∈ BS i . If wi (q i ) ∈ BS i , then there is
no change in the strategy of q i .
• For the case of no change, the strategy of q i does not change: w̃i (q i ) =
wi (q i ).
Thus, the one-step transition probabilities Q(w̃|w) is well defined.

3

Preview of main results

To give the formal definition of evolutionary stability, we study the behaviour
of the steady-state analysis and limiting distribution of the Markov chain
(Zt )t≥0 with the one-step transition probability matrix Qµ,m generated from
the transition process in Section 2. We first consider the selection mechanism
of better reply applied in the model. It is straightforward to check that, for
every finite m and every µ > 0, the induced Markov chain is irreducible and
aperiodic. Hence, for every pair of population size m and mutation rate µ,
there exists a unique invariant distribution πµ,m ∈ 4(W ) on W such that
πµ,m = πµ,m Qµ,m , or
πµ,m [w̃] =

X

πµ,m [w]Qµ,m (w̃|w)

w∈W

for every w̃ ∈ W .
Lemma 3.1 Given an one-step transition probability matrix Qµ,m defined
in Section 2, for a fixed population size m, the limit distribution limµ→0 πµ,m
exists.
9

Proof. It immediately follows from Theorem 3.1 in [22]. 
For a fixed population size, a state w in W is called m-evolutionarily
stable if its invariant probability πµ,m [w] does not go to zero as µ decreases
to zero, i.e., limµ→0 πµ,m [w] > 0. We call a state w evolutionarily stable for
large populations if lim inf m→∞ limµ→0 πµ,m [w] > 0. Given a limiting process
that m increases to infinity, µ decreases to zero, and that µm is always in a
set R ⊆ R+ , we call a state w evolutionarily stable in this limiting process if
πµ,m [w] is bounded away from zero throughout this process. All definitions
above can be naturally extended to subsets included in the state space. For
every set of mixed strategy profiles Y ⊆ X, if no ambiguity, we abbreviate
πµ,m [w ∈ W : x(w) ∈ Y ] by πµ,m [Y ]. Recall the game we consider is generic.
Denote the unique backward induction equilibrium in Γ by BI = (si )1≤i≤N ,
and denote the -neighbourhood of BI by
BI := {x ∈ X : xisi ≥ 1 −  ∀1 ≤ i ≤ N }.
(For convenience, we sometimes write BI as eb .)
We have proved the following theorem in [19] that only Nash equilibria
are evolutionarily stable regardless of population size.
Theorem 3.2 Under the best-reply or better-reply selection mechanism, for
a finite generic N -player game in extensive form with perfect information, it
has
lim πµ,m [N E] = 1

µ→0

for all m in N, and hence
lim lim πµ,m [N E] = 1.

m→∞ µ→0

10

The combined results from Hart [11] and Gorodeisky [10] are
∀ > 0,

lim

µ→0,m→∞

πµ,m [BI ] = 1,

in the case that each player can only play at one node in a game. Thus, in
the context of only two players, their conclusion can only be applied to a
two-node game.
Recall that all equilibria in the same Nash equilibrium component give
rise to an identical outcome over terminal vertices, i.e., they differ only off the
equilibrium path. We denote the backward induction equilibrium component
by BC. We then denote N C to be the set of Nash equilibria other than those
included in the backward induction equilibrium component, and N E to be
the set of Nash equilibria. It follows that N C = N E \ BC. We have proved
the following theorem in [19] by a finite stopping game where BC and N C
are terminated by the same player.
Theorem 3.3 For the best-reply or better-reply selection mechanism, there
exists a two-player game of perfect information and a positive number c such
that for all finite m > 1 N C is m-evolutionarily stable and
lim πµ,m [N C] ≥ c.

µ→0

Thus, N C is evolutionarily stable for large populations and
lim inf lim πµ,m [N C] ≥ c.
m→∞ µ→0

(3.1)

In Section 4, we give another proof of Theorem 3.3 by the finite stopping
game denoted by Γ1 in Figure 2. We follow a similar approach in [19] and
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prove the theorem by studying its time-average asymptotic behaviour of the
Markov chain:
∀S ⊆ W,

|{t : T1 < t ≤ T2 , Zt ∈ S}|
= π[S].
T2 −T1 →∞
T2 − T1
lim

We can think of the duration between two consecutive mutations as a block,
and the average length of a block is 1/(N µ) where N is the number of players.
If, in expectation, after n consecutive blocks of states in a component C1 ,
there is at least one block of states in a different component C2 , then π[C2 ] ≥
(π[C1 ] + π[C2 ])/(n + 1). To prove Theorem 3.3, we need Lemma 8.6 and
related preliminary results, which have been proved in [19]. For convenience,
we attach a copy of the necessary lemmas in the Appendix. The dynamic in
this example is different from the one in [19], and it is described in Lemma
8.7 in Appendix.
We show an example in Section 5 that the backward induction equilibrium component is not evolutionarily stable for large populations, and thus
we arrive at the following theorem. In the proof, we compare the small probability of the event which is inconsistent with the strong law of large numbers
in each direction of transition between BC and N C.
Theorem 3.4 Under the best-reply dynamic, there exists a two-player game
of perfect information such that for any positive number  < 1 there exists a
population size m() > 1 with the property that
lim πµ,m() [BC] < .

µ→0

In Section 6, we study a transition process that the expected number
of mutations per generation, i.e., mµ, is bounded away from both zero and
infinity, while the population size increases to infinity. By Example 3, we
prove the following theorem.
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Theorem 3.5 Under the best-reply or better-reply dynamic, there exists a
two-player game of perfect information and a positive  such that, for any
pair of numbers δ and η with 0 < δ < η, we can find a triple positive numbers
c(δ, η), m(δ, η) and cM U with the property
πµ,m [BI ] < 1 − c(δ, η),
for all µ < cM U and m > m(δ, η) with δ ≤ µm ≤ η.
Thus, for any limiting process with m → ∞, µ → 0 and δ ≤ µm ≤ η, BI is
not the only evolutionarily stable outcome in this game.

4

Example of 0 < π[N C] < 1
a1
4
-2

I

b1
6
1

II

a2
-3
0

I

b2
-100
2

II

b3

a3
-4

I

a4
0

-1 2.9
Figure 2: Γ1
In game Γ1 in Figure 2, the path of BC is terminated by player I, while the
path of N C is terminated by player II. We mark the pure strategies of player
13

I by a1 , a2 , a3 and a4 , and the pure strategies of player II by b1 , b2 and b3 .
There is only one pure Nash equilibrium (a2 , b1 ) different from the backward
induction equilibrium (a1 , b3 ). For convenience, all backward induction moves
are arrowed and the terminating moves in the pure Nash equilibrium are
double arrowed. Note that in this game, b1 is clearly not weakly dominated.
For the strategy a2 , when player II plays b1 , a2 is better than a1 ; when player
II plays b2 , a2 is better than a3 and a4 . So, no strategy in the profile (a2 , b1 )
is weakly dominated in Γ1 . (In the game Γ1 in [19], strategy no, which is in
the non-backward-induction pure Nash equilibrium, is weakly dominated by
strategy yes.)
Proposition 4.1 Given the game Γ1 in Figure 2, for the best-reply selection
mechanism described in Section 2, there exists a positive number c such that
for all finite m > 1,
lim πµ,m [N C] > c.

µ→0

With a similar (but more subtle) approach as in the proof of Theorem
3.3 in [19], we consider a process with two mutations in population M (1) to
strategy a3 and a2 in order. The proof of this theorem and discussion on
better-reply selection mechanism are relegated to Appendix. In the proof,
we apply Bertrand’s ballot theorem for the dynamic of population M (2) on
strategy b2 and b3 .
We consider a general five-node game in Figure 3 below with backward
induction actions arrowed and the pure Nash equilibrium double arrowed.
By Lemma 8.7 and analogous analysis as in Proposition 4.1, one can find
the alternative Nash equilibrium component with payoff vector (u12 , u22 ) evolutionarily stable regardless of population size if the following conditions are
14

a1
u11
u21

I

b1
u12
u22

II

a2
u13
u23

I

b2

II

u14
u24

a3

b3
I

a4

u15 u16
u25 u26
Figure 3: A general five-node game
satisfied:
u14 < u13 < u16 < u11 < u12 ,

u13 >

u16 + u14
,
2

u16 > u15

and
u23 < u22 < u24 < u26 ,

u24 > u25 .

It is clear that payoff u12 is the best payoff to player I, and u22 is not the
worst payoff to player II. This alternative Nash equilibrium component is
Pareto-efficient.
We could also give a more general sufficient condition for N C being evolutionarily stable in a two-player finite extensive-form game of perfect information, similar to Theorem 6.3 in [19]. However, the conditions and the proofs
would be more delicate. (Hint: there are three subgames with their own N C
where the paths of N C and BC split at the root of each subgame. In Γ1
in Figure 2, these three subgames are rooted at the second last node, the
15

third node and the second node, respectively. More details available upon
request.)

5

Backward induction may not be evolutionarily stable.

We study the game Γ2 below in Figure 4, and we show that the backward
induction equilibrium component is not evolutionarily stable in Γ for large
populations.
The backward induction equilibrium in Γ is eb = (a1 , b2 ), and the alternative pure Nash equilibrium is en = (a1 , b1 ). We only give an informative
sketch proof of all claims below.

5.1

A game with no transition between components
triggered by a single mutation

The key idea of Lemma 8.6 (used to prove Proposition 4.1 above) is to consider as if each transition to a state in N E is triggered by one mutation
only, and no more mutation until it reaches N E. From an initial state, if no
mutation forever, the best-reply dynamic will drive the process into a Nash
equilibrium. Back to the original dynamic process with mutation involved,
since the mutation rate is low, we can assume that the relative proportion of
time spent on an equilibrium is approximately 1. Furthermore, we can infer
that if a state is disturbed by a mutation, then with asymptotic probability
1 there will be no more mutation until it reaches a Nash equilibrium again.
As in Section 3.2 in [20], we can view the duration of two consecutive mutations as a ‘block’. The time spent on the non-Nash-equilibrium states can
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be ignored, and we only need to count the relative visiting frequency of each
component (or block). See the discussion in Section 5 in [19]. Unfortunately,
in some games, not every two Nash equilibrium components are connected
by such a transition triggered by a single mutation. (The formal definition
is introduced in Section 3.2 in [20].) For the game Γ2 in Figure 4, the probability of such a transition between BC and N C goes to 0 in either direction
when the population size goes to infinity.
a1
2.2
0

I

b1
-1
0.7

II

a2
2.5
0.8

I

b2
2
0.59

II

a3
4
1

I

a4

b3

II

b4

0 50
0 0.1
Figure 4: Γ2
For a more detailed analysis on the simplified version of the core transitions below in this game, please refer to Section 7.
[The transition process from BC to N C] From the arguments later, we
shall see that we can assume without loss of generality that the whole M (2)
is playing the strategy b2 at stage 0. The mutation in M (1) from a2 to a4 or
17

a1 cannot have any effect on M (2). If a mutation happens in M (1) from a2 to
a3 , then M (2) is under the selection pressure to strategy b3 and b4 with equal
probability. It is possible that the mutant will stay there for sufficiently long
time: for any positive number l, with probability 1/(4l ), the mutant will stay
there for at least lm stages. The movement of M (2) will continue until a
significant proportion of M (2), say cm (c is a positive constant), moves away
from b2 , which then attracts M (1) to deviate from a2 . Because m is very
large, we can apply the strong law of large numbers, and it is an approximate
uniform distribution of M (2) at b3 and b4 with probability close to 1. If M (1)
is going to pick a best reply between a3 and a4 , it is a4 , due to this uniform
distribution. Therefore, when cm of individuals in M (2) are accumulated at
b3 and b4 , M (1) is moving towards a4 . However, once there is one individual
in M (1) playing a4 , the bottom node is connected. More importantly, the
relative proportion of M (1) playing a3 and a4 (1:1 in this case), makes the
best reply of M (2) changed to b2 . It will then just take several stages (with
probability close to 1) that the number of individuals playing either b3 or b4
drops below cm. Then, M (1)’s best reply reverts to a2 .
There may be a repeat of this process, if the individual playing a4 converts
back to a2 earlier than the one playing a3 . Nevertheless, once the one playing
a4 leaves later, the process will converts back to BC. For M (2), a small
proportion of it is in an approximate uniform distribution of playing b3 and
b4 , and the majority is playing b2 . When the next mutation comes, the
analysis is exactly the same. Therefore, there is no one-mutation transition
with positive probability from BC to N C, when populations increase to
infinity. We can also see that for the argument above it is safe to assume
that at stage 0 the whole M (2) is playing b2 .
[The transition process from N C to BC] With analogous argument above,
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we shall see that we can assume without loss of generality that the whole
M (2) is playing the strategy b1 at stage 0. (A more general situation is an
approximate uniform distribution of a minority of M (2) playing at b3 and
b4 .) The mutation in M (1) from a1 to a4 cannot have any effect on M (2).
The transitions due to the mutation from a1 to a2 and from a1 to a3 are
similar. We show the former case here. It is possible that the mutant will
stay at a2 for sufficiently long time (with similar argument as in the above
paragraph). While the mutant is playing a2 , M (2) is under the selection
pressure to strategy b2 , b3 and b4 with equal probability. The movement of
M (2) will continue until a significant proportion of M (2), say cm (c is a
positive constant), moves away from b1 , which then attracts M (1) to deviate
from a1 . Because m is very large, we can apply the strong law of large
numbers, and it is an approximate uniform distribution of M (2) at b2 , b3
and b4 with probability close to 1. If M (1) is going to pick a best reply
between a2 , a3 and a4 , it is a4 , due to this uniform distribution. Therefore,
when cm of individuals in M (2) are cumulated at b2 , b3 and b4 , M (1) is
moving towards a4 . However, once there is one individual in M (1) playing
a4 , the bottom node is connected. More importantly, the relative proportion
of M (1) playing a2 and a4 (1:1 in this case), makes the best reply of M (2)
changed to b1 . It will then just take several stages (with probability close to
1) that the number of individuals playing one strategy in {b2 , b3 , b4 } drops
below cm. Then, M (1)’s best reply reverts to a1 .
There may be a repeat of this process, if the individual playing a4 converts
back to a1 earlier than the one playing a2 . Nevertheless, once the one playing
a4 leaves later, the process will converts back to N C. For M (2), small
proportion of it is in an approximate uniform distribution of playing b2 b3
and b4 , and the majority is playing b1 . When the next mutation comes, the
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analysis is exactly the same. Therefore, there is no transition triggered by
one mutation with positive probability from N C to BC, when populations
increase to infinity. We can also see that for the argument above it is safe to
assume that at stage 0 the whole M (2) is playing b2 .

5.2

The non-negligible small probability

From the arguments above, we find that the probability is approaching 0
for an one-mutation transition between BC and N C. However, we know
the unique invariant distribution exists in the Markov chain of this dynamic
process. So how can we find the exact probability of BC in the invariant
distribution?
Even when population size is large, here we cannot ignore the small probability that a distribution is not consistent with the strong law of large numbers. Compared with the ever decreasing mutation rate, this is the main
source of transition between two components.
To make the idea clear, we rewrite the game Γ2 as follows in Figure 5.
The only changes are the payoff u1 = 0.8−10−2k , u2 = 2.5·10k −1, u3 = 5·10k
and u4 = −5 · 102k for a k ∈ N with k > 2. The conclusion in the above
section still holds.
In Γ2 , for a state z with
ma2 (z) <
M (2) prefers b1 to b2 . Define m̄ :=

u1 − 0.5
· m,
0.3

u1 −0.5
0.3

(5.1)

· m. For a state z with

mb1 (z)
u3 − 2.2
>
m
u3 − u4

(5.2)

a1 is the best reply of M (1).
We first consider the transition from BC to N C. Without loss of generality, suppose that at the initial state, the proportions of M (2) on b3 and b4
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Figure 5: Example 3
are almost equal, and the state is in BC. (One can prove that, for sufficiently
large t, if Zt ∈ BC, then for any  > 0, it is with probability bounded from
below that |mb3 (t) − mb2 (t)| < m when m goes to infinity.)
Step 1: After a mutation from a2 to a3 , M (2) is moving towards b3 and
b4 . When a significant proportion of M (2), say xM individuals, have left b2 ,
M (1) is under the selection pressure to move away from a2 . The exact x
depends on the distribution of M (2) on b3 and b4 , however there is a bound
x̄(k) such that x < x̄(k), where x̄(k) is determined by the payoffs to player I
for the path to b2 and the path to a3 . We denote the first stage where M (1)’s
best reply is not a2 as stage t0
We now assume that at stage t0 the proportion rate of M (2) at b3 to b4
is greater than 5:3. We denote the event of this distribution at t0 as event
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FBC→N C . (Once again, note that the probability of FBC→N C is approaching
0 when the population size goes to infinity.)
Step 2: Because at stage t0 , the distribution on M (2) is advantageous
to a3 . M (2) then continues to moves to b3 and b4 , at least until the ration
of proportion of M (2) playing b4 and b3 exceeds (2.5 · 10k − 1) : (5 · 10k −
2.5 · 10k − 1). So, there will be more than y stages when the best reply of
M (1) keeps as a3 where y satisfies
2x/5 + y = ρ(y + x) and ρ =

2.5 · 10k − 1
.
5 · 10k

(This is the extreme case that for all stages from stage t0 all individuals
chosen in M (2) are playing b2 and they then move to b4 .)
Step 3: From Step 1 and Step 2, we know that M (1) is under the
selection pressure to a3 between stages t0 and t0 + y. It is possible that more
than m − m̄ (introduced in (5.1)) individuals in M (1) have moved away from
a2 to a3 . From Lemma 8.9, it follows that this probability is greater than
(m − m̄)/(y m̄σ̄).
Step 4: If the event in Step 3 is true, then M (2) will prefer b1 to b2 from
stage t0 + y on. By the strong law of large numbers, the distribution of M (2)
at t3 and t4 will become more even from any stage on. So with probability
close to 1, a4 will become the best reply of M (1) finally. When not many
individuals in M (1) are playing a4 , the best reply of M (2) can still be both b3
and b4 . However, when enough individuals in M (1) have accumulated at a4 ,
the best reply of M (2) changes to b1 . Meanwhile, the proportions of M (2)
playing b3 and b4 are decreasing and their distribution towards more even,
so M (1) will still move to a4 .
Step 5: Once the number of individuals in M (2) playing b1 is enough
large (this threshold number cannot be greater than the mb1 (z) in (5.2)),
M (1) is under the selection pressure to a1 . Furthermore, the state is in the
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basin of attraction of N C. During the process to N C, there may be some
times when M (2) is leaving b1 due to the relative proportions of M (1) playing
a2 , a3 and a4 . However, as long as the populations are large, with similar
arguments as in the above sub section, the probability that it will enter N C
before the next mutation is close to 1.
In summary, conditional on that FBC→N C introduced in Step 1 happens,
the state will transit from BC to N C with positive probability bounded from
below, when the population size goes to infinity.
We now turn to the possible transition from N C to BC. Without loss of
generality, suppose that at the initial state in N C, the proportions of M (2)
on b2 , b3 and b4 are almost equal, and the majority of M (2) is on b1 . (It
can be supported by an analogous argument as in the transition from BC
to N C above.) One can show that a transition triggered by a mutation in
M (1) from a1 to a3 or a4 cannot lead to BC . If there is a mutation from
a1 to a2 , then M (2) is under the selection pressure to b2 , b3 and b4 . Firstly,
from (5.1), it follows that, when
mb1 <

(u3 − 2.2)m
,
u3 − u4

(5.3)

M (1) is possibly under the selection pressure to leave a1 . Secondly, if M (1)’s
best reply is not a1 , then it needs
mb2 >

(u2 − 2.5)m
246
>
u2 − 2
250

(5.4)

to provide enough incentive such that a2 becomes the new best reply of M (1).
We denote by FN C→BC the event that mb2 satisfies (5.4) when M (1)’s best
reply diverts from a1 . Note this is a necessary condition for a transition from
N C to BC. Otherwise the transition process is similar to the one triggered
by a mutation from a1 to a3 or a4 . It is obvious that the probability of
FN C→BC is approaching 0 when the population size m goes to infinity.
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While both P (FBC→N C ) and P (FN C→BC ) are approaching 0 when m
increases to infinity, we can show that for any fixed m, Pm (FBC→N C ) >
Pm (FN C→BC ). Furthermore, for any positive number c between 0 and 1,
there is an m̄(c) ∈ N such that
c · P (FBC→N C ) > P (FN C→BC ) ∀m > m̄(c).
Note that, conditional on FBC→N C , a transition from BC to N C has positive probability. For a transition from N C to BC, FN C→BC is a necessary
condition. Since the definition of m-evolutionary stability is concerning with
a process that the mutation rate µ decreases to 0 under a fixed m, we can
conclude that in Γ, given any  > 0, there is a natural number m̄() such
that
 · lim πµ,m [N C] > lim πµ,m [BC] ∀m > m̄(),
µ→0

µ→0

and thus
lim inf lim πµ,m [N C] = 1.
m→∞ µ→0

6

Dynamics in other limiting processes

We consider a limiting process that populations go to infinity and mutation
rate goes to zero under the condition that the product of population size and
mutation rate (expected number of mutations per generation) is bounded
away from both zero and infinity. Recall in the limiting process of the last
two examples, the product of population size and mutation rate goes to zero.
We show backward induction equilibrium is not the only evolutionarily stable
result in the game Γ3 in Figure 6.
In this example , for a µ > 0, we put σ = 1 − µ as the probability that
selection implementation (c.f. (2.1)) is chosen for the individual q i in the
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Figure 6: Γ3
population M (i) for i = 1, 2 at any stage. In this game Γ3 , we mark the pure
strategies of player I by a1 , a2 and a3 , and the pure strategies of player II
by b1 and b2 . It is easy to check that the backward induction equilibrium in
Γ3 is (a1 , b1 ). We consider here the case of better-reply selection mechanism,
which is the one Hart applies in [11] for this particular limiting process. For
this mechanism, the only change for the model in Section 2 is to replace
BS i (q i , w) by a set of ‘better strategies’
BT i (q i , w) := {ai ∈ Ai : ui (ai , w−i ) > ui (wi (q i ), w−i )},
for a chosen individual q i in M (i) at the state w. Roughly speaking, the
selected individual will choose one better strategy randomly. Our proof can
be adapted to the case of best-reply selection mechanism easily as well. To
reach Theorem 3.5, we prove the following proposition.
Proposition 6.1 Given the game Γ3 in Figure 6 and δ, η with 0 < δ < η,
there is a positive number c(δ, η) such that for all pairs of (µ, m) with 0 <
µ < 2/9, m ≥ 2(3 + 4η)/3 and δ ≤ µm ≤ η
πµ,m [x2b2 (w) ≥ 1/40] > c(δ, η).
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Note first that there is always selection pressure at population M (1) towards strategy a1 regardless of the distribution of population M (2). The
proportions of population M (1) playing strategy a2 and a3 are almost surely
not always the same during an infinitely long dynamic process. In particular,
at the state w where ma3 (w) = 1 but ma2 (w) = 0, player II is reached and the
selection is towards b2 . Before the proof of Proposition 6.1, we give four preliminary lemmas concerning the limiting behaviour of the generated Markov
chain in Γ3 when m goes to infinity, µ goes to zero and µm is bounded away
from both zero and infinity. In Lemma 6.4 and 6.5 below, we shall show
that the invariant probability of the whole population playing a1 except one
mutant playing a3 is positive, if mµ is bounded away from both infinity and
zero. Lemma 6.2 estimates the probability that for no less than m/4 consecutive stages population M (1) stays still with one mutant at a3 . Conditional
on that, Lemma 6.3 shows that the probability is approaching 1 that at least
1/40 of population M (2) is attracted to strategy b2 within these m/4 stages
when m goes to infinity. We shall complete the proof by the theorem on
Markov chain convergence to equilibrium.
The proofs of all four lemmas are relegated to Appendix.
Recall that, at any t, for a population M (i), if Zt = w ∈ W , then Zti = wi .
Lemma 6.2 For a Markov chain (Zt )t≥0 induced in Γ3 with m ≥ 2(3+2η)/3
and 0 < µm ≤ η, for a state w with ma3 (w) = 1 and ma2 (w) = 0 (and hence
ma1 (w) = m − 1), there is a constant c1 (η) such that
Pµ,m (Zt1 = Z01 ∀0 < t ≤ m/4|Z0 = w) ≥ c1 (η).
Lemma 6.3 Denote {w ∈ W : ma3 (w) = 1 & ma2 (w) = 0} by S(m). Then
for a Markov chain (Zt )t≥0 induced in Γ3 with population size m ≥ 2(3+2η)/3
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and mutation rate µ > 0, there is a constant c2 (η) such that
Pµ,m (B2 (m/4) ≥ m/40|Zt ∈ S(m) ∀0 ≤ t ≤ m/4) ≥ c2 (η).
Lemma 6.4 For a Markov chain (Zt )t≥0 induced in Γ3 with m ≥ 8η/3,
µ < 2/9 and 0 < µm ≤ η, there exists a constant c3 (η) such that
πµ,m [{w : ma1 (w) = m}] ≥ c3 (η).
Lemma 6.5 For a Markov chain (Zt )t≥0 induced in Γ3 with m ≥ 8η/3 and
δ ≤ µm ≤ η, there exists a constant c4 (δ, η) such that
πµ,m [{w : ma3 (w) = 1, ma2 (w) = 0}] ≥ c4 (δ, η).
Proof of Proposition 6.1: Suppose (Z̄l )l≥0 is a Markov chain with the
one-step transition probability matrix Q induced in Example 4 and with the
initial condition ma3 (Z0 ) = 1, ma2 (Z0 ) = 0. By Markov property, conditional on any Z̄t at some period t with ma3 (Z̄t ) = 1 and ma2 (Z̄t ) = 0, the
process (Z̄t+i )i≥0 is still a Markov chain and has the same one-step transition
probability matrix Q as in (Z̄l )l≥0 . Recall the definition of S(m) in the proof
of Lemma 6.3. It follows from the Markov property that


Pm mb2 (Z̄t+m/4 ) ≥ m/40|Z̄t ∈ S(m) = Pm mb2 (Z̄m/4 ) ≥ m/40 ∀t ≥ 0.
So, for any t ≥ 0,

Pm mb2 (Z̄t+m/4 ) ≥ m/40


≥Pm Z̄t ∈ S(m) Pm mb2 (Z̄t+m/4 ) ≥ m/40|Z̄t ∈ S(m)


=Pm Z̄t ∈ S(m) Pm mb2 (Z̄m/4 ) ≥ m/40 .
From Lemma 6.2 and 6.3, it follows that, for the Markov chain (Z̄l )l≥0 ,

Pµ,m mb2 (Z̄m/4 ) ≥ m/40 ≥ c1 (η)c2 (η).
27

(6.1)

For any t > 0, we find


Pµ,m mb2 (Z̄t+m/4 ) ≥ m/40 ≥ c1 (η)c2 (η)Pµ,m Z̄t ∈ S(m) .

(6.2)

Recall the definition of the invariant distribution π in the original Markov
chain (Zt )t≥0 . By the theorem on Markov chain convergence to equilibrium,
i.e.,
lim P (Z̄t = w) = π[w] ∀w ∈ W,

t→∞

we may infer that for a population size m and a mutation rate µ
πµ,m [{w : ma3 (w) = 1 & ma2 (w) = 0}]
= lim Pµ,m ma3 (Z̄t ) = 1 & ma2 (Z̄t ) = 0
t→∞

= lim Pµ,m Z̄t ∈ S(m) ,



t→∞

(6.3)

and

πµ,m [{w : mb2 (w) ≥ m/40}] = lim Pµ,m mb2 (Z̄t ) ≥ m/40 .
t→∞

(6.4)

Let t increase to ∞ in (6.2) and apply (6.3) and (6.4), we have

πµ,m [w : mb2 (w) ≥ m/40] = lim Pµ,m mb2 (Z̄t ) ≥ m/40
t→∞


= lim Pµ,m mb2 (Z̄t+m/4 ) ≥ m/40
t→∞

≥ c1 (η)c2 (η) lim Pµ,m Z̄t ∈ S(m)
t→∞

= c1 (η)c2 (η)πµ,m [{w : ma3 (w) = 1, ma2 (w) = 0}].
Lemma 6.5 then completes the proof. 
We consider a general three-node game in Figure 7 below with backward
induction actions arrowed.
By analogous analysis as in Proposition 6.1, one can find the set of alternative Nash equilibria other than (a1 , b1 ) evolutionarily stable in the limiting
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Figure 7: A general three-node game
process with the expected number of mutations per generation bounded away
from both zero and infinity, if the following conditions are satisfied:
u11 > max{u12 , u13 , u14 },

u13 > u14

and
u23 < u22 < u24 .

7

Further comments

We have shown the game in Example 1 and a game in [19] (the one with
the paths of backward induction equilibrium and the alternative equilibrium
terminated by the same player) where the all equilibrium components are
evolutionarily stable outcome for large populations. It is not difficult to see
that, for an example to (3.1) in Theorem 3.3 in the case that the paths of BC
and N C are terminated by the same player, the corresponding game needs
at least four nodes. Otherwise, one can find the game essentially reduces to
the case that each player can only play at one node, which can only yield the
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unique evolutionarily stable outcome of the backward induction equilibrium,
as analysed in [11] and [10].
It is interesting and useful to see why, for an example to (3.1) in Theorem
3.3 with the paths of BC and N C terminated by different players, the example needs at least five nodes for large populations. We have follow the similar
approach in Section 5.1. Consider an adapted version of Γ1 with three nodes
as in Figure 8 below. The BI of this game is (a1 , b2 ) and the only alternative
a1
4
-2

I

b1
6
1

II

a2
-4

b2
I

a3
0

-1 2.9
Figure 8: The shortened version of Γ1
pure Nash equilibrium is (a2 , b1 ). In this game, N C is evolutionarily stable
for every finite population size, but not for the case that the population size
goes to infinity.
Suppose the state is in BC at stage 0. We now take a look at an attempt
to escape to N C by a mutant in population M (1) to strategy a2 at stage 1.
We further suppose that µ < g(m) and no mutation ever happens before the
state back to NE, which has probability close to 1. (See Lemma 8.3.) Given
A2 (1) > A3 (1) = 0, the mutant triggers the selection process towards b1 in
population M (2). Once the proportion of Xb1 exceeds 2/3, population M (1)
is under the selection pressure. Note the best reply of population M (1) in
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the case of 2/3 < Xb1 < 1 cannot be a2 , as the bottom node is still connected
by some individuals in population M (2), and a3 is strictly better than a2
conditional on the bottom node is connected. Thus, population M (1) is
under the selection pressure to a3 only, whenever 2/3 < Xb1 < 1. It then
follows that ma2 ≤ 1 at every stage before the next mutation. We may
then infer that the relative proportion of ma3 /ma2 increases rapidly once Xb1
exceeds 2/3. Of course, one may argue that, with positive probability, the
chosen individual in population M (1) is always the one playing a3 in very
long times, e.g. in the next m stages. However, this probability goes to zero
when the population size goes to infinity.
From the first stage with ma3 > ma2 , individuals in population II begin
to revert back to b2 . After Xb1 drops below 2/3, the strategy a1 becomes the
favourite of population M (1) again. Therefore, a1 and b2 are the best reply
of population M (1) and population M (2) thereafter, respectively, and the
state goes back into BC before the next mutation with probability close to
1. During the process above, population M (2) swings back and forth between
strategy b1 and b2 , similarly as shown in Example 3. However, at most a tiny
proportion of population M (1) is attracted to strategy a3 while the majority
still stay at strategy a1 , if M (1) is large. From a macro perspective, this
is because player I’s support in N C is strategy a2 , and a2 can never be the
best reply of player I if Xb2 > 0. The analysis for the selection mechanism of
better reply is slightly more complicated, but with the same flavour above.
(The full details will be presented together with other positive results in the
future.)
To construct a game such that a successful transition to N C from BC
has probability bounded away from zero, we need to make player I’s support
strategy to N C as a best reply to some strategy of player II, and also need to

31

distract the majority of population M (2) away from its backward induction
strategy during the process. This can only be achieved with no less than five
nodes. In Example 1, each strategy taken below the path of BC is a best
reply to the other player’s one strategy taken below the path of BC as well.
It should be clear so far why, for a transition from BC to N C in the proof of
Proposition 4.1, we need a mutant to a3 before a mutant to a2 in population
M (1).

8

Appendix

For all the omitted proofs of the lemmas below, please refer to the Appendix
in [19].

8.1

Results on transition time

The following corollary to Theorem 3.2 estimates the expected transition
time when no mutation involved. Given a Markov chain (Zt )t≥0 generated
in the selection-mutation process with population size m and mutation rate
µ, for a state w ∈ W and a subset S ⊆ W , we define the random variable
Tµ,m (w, S) := min{t ≥ 0 : Zt ∈ S, Z0 = w} to be the transition time from w
to S, and define the expected transition time from w to S to be
Uµ,m (w, S) := Eµ,m [Tµ,m (w, S)].
For every two subsets S1 , S2 ⊆ W , we put
Uµ,m (S1 , S2 ) := 6w∈S1 Uµ,m (w, S2 ).

(8.1)

Lemma 8.1 In a finite N -player game in extensive form of perfect information, we suppose that each player has no more than S pure strategies. Given
32

a Markov chain (Zt )t≥0 with µ = 0 and the associated
fσ (m) := 

2

S mN
N S mN .
σ
2mS

for a σ with 0 < σ < 1, we have U0,m (W, N E) < fσ (m).
We need the following lemma to show the expected transition time to
Nash equilibria when µ is small.
Lemma 8.2 Given a number p in (0, 1/2), we consider a random variable
Xp : Ω → N in geometric distribution with
P (Xp = k) = (1 − p)k−1 p

∀k ∈ N.

Then, we have P (Xp > E[Xp ]) > 1/8.
The next lemma shows that the expected transition time to Nash equilibria is bounded when mutation rate µ is small.
Lemma 8.3 Consider a two-player extensive-form game of perfect information with the induced Markov chain. Without loss of generality, we suppose
that there exists a number σ̄ with 0 < σ̄ < 1 such that σ ≥ σ̄ in the limiting
process of evolutionary dynamics. Denote cσ̄ to be e−200/σ̄ . Then, given fσ̄ (m)
defined in (8.1), for every µ < cσ̄ /(32fσ̄ (m)), it satisfies Uµ,m (W, N E) <
cσ̄ µ−1 . Define gσ̄ (m) := cσ̄ /(32fσ̄ (m)).
The following lemma shows in expectation the transition conditional on
passing some subset takes longer than the one without such condition.
Lemma 8.4
∀W3 ⊆ W, U (W3 , N C) ≤ U (W3 , BC) + U (BC, N C).
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It is also important to know in expectation how long the Markov chain
stays at the same state each time. The next lemma answers this question
for an arbitrary state in N E. To present it formally, we first introduce some
terminology. Given the Markov chain (Zt )t≥0 , for a state w in W , suppose
that Z0 6= w and mark stage 0 as te0 (w). For each i ≥ 0, we mark the stage
min{t > tei (w) : Zt = w} as tsi+1 (w) and then the stage min{t > tsi+1 (w) :
Zt 6= w} as tei+1 (w) in turn. We define Ū (w) to be the expected length of the
period during which the dynamic process stays at w, i.e.,
"
#
1 X e
s
Ū (w) := E lim
(ti (w) − ti (w)) .
N →∞ N
1≤i≤N
Note that the expected length of the period at w does not depend on the
state at initial stage, so we can assume Z0 6= w in the condition above.
Lemma 8.5 Given a two-player extensive-form game of perfect information,
for the induced Markov chain with the mutation rate µ < ga (m) where 0 <
a ≤ 1, we have
Ū (w) ≥ 1/(2µ)
for all w in N E.

8.2

From time-average asymptotic to evolutionary stability

This subsection is included in [19].
We shall give a proofs of Theorem 3.3 by Proposition 4.1 in the following
approach.
Recall that the long-run behaviour of a Markov chain (Zt ) is well described
by its invariant distribution π in the following way. In any long enough
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period of time, the relative frequency of visits at a subset S included in W
is approximately π[S]. That is,
∀S ⊆ W,

|{t : T1 < t ≤ T2 , Zt ∈ S}|
= π[S].
T2 −T1 →∞
T2 − T1
lim

(8.2)

This property holds regardless of the initial state.
Our approach is to analyse the long-term relative proportion of visiting
time in N C. Most of the proof for Proposition 4.1 is devoted to the calculation of U (BC, N C). (If no ambiguity, we drop the subscript µ and m of U .)
Consider the case of µ < g(m), where g(m) is defined in Lemma 8.3.
Recall that an event is a subset of the sample space Ω = W N which
is specified in Section 2. An element ω in the sample space Ω is an infinite
sequence of states, i.e., ω = (ω0 , ω1 , ...) with ωi in W for all i ≥ 0. Denote the
truncated sequence of ω with length n by ω|(n − 1) = (ω0 , ω1 , ..., ωn−1 ). We
can view an event as a set of sequences of states. We denote {ω ∈ Ω : ω ∈ F }
by simply F . In the proof of Proposition 4.1, we shall define an event F as an
intersection of a finite sequence of events on the dynamic process such that,
if F happens, then Zt is in N C at some stage t > 0. Note that we can in fact
start from any stage t̄ > 0, ignore the partial history (Z0 , ..., Zt̄−1 ), and check
whether it will reach N C after t̄ according to a ‘similar’ transition pattern as
in F . That is, by Markov property, we can shift the original Markov chain
Zt to Zt−t̄ and then consider the event F . For instance, when we count from
stage t̄, F includes that the first mutant in population M (1) picks strategy
a2 and the second mutation happens 2µ−1 stages later... Here the exact time
index is not important, only transition order and time interval matter.
Note that F may only be a sufficient condition but not a necessary condition. Denote the complement of F by F c . For an initial state s, we define
Ts (F ) (or Ts (F c )) to be the expected time that we know F is true (or false),
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respectively. That is,
Ts (F ) = E[min{t : ∀ω ∈ Ω with ω|t = (Z0 = s, Z1 , ..., Zt ), ω ∈ F }|F ], (8.3)
and
Ts (F c ) = E[min{t : ∀ω ∈ Ω with ω|t = (Z0 = s, Z1 , ..., Zt ), ω ∈
/ F }|F c ].
Lemma 8.6 Without loss of generality, we suppose that there exists a number σ̄ with 0 < σ̄ < 1 such that σ ≥ σ̄ in the limiting process of evolutionary
dynamics. Given the induced Markov chain with a finite population size m,
suppose if F happens, then Zt is in N C at some stage t > 0. We further suppose there exist two positive numbers k and p such that given any g 0 ≤ gσ̄ (m)
and for any mutation rate µ < g 0 it has the property
min P (F |Z0 = w) ≥ p

w∈BC

and
max Tw (F ) + max Tw (F c ) ≤ kµ−1 .

w∈BC

w∈BC

Then there exists a positive number c(p, k) such that
∀µ < g 0 , πµ,m [N C] ≥ c(p, k).

8.3

A combinatorial lemma

We shall use the following lemma to analyse the ‘dynamic proportion’ of two
strategies played at some distant node from the root, when we only know
its initial distribution and that the sum of individuals playing at these two
strategies is decreasing to zero.
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Lemma 8.7 Suppose you have three boxes, A, B and C, and m balls. At
stage 0, Box B contains d(1 − k)me balls and C contains bkmc balls, where
0 < k < 1/2. At each stage, one ball is randomly chosen among those m
balls. If it is in Box A, then nothing will happen. If it is in Box B or C, it
will be moved to Box A or remain in the same box, both with probability 1/2.
So, all balls will be moved to Box A almost surely. We define the minimum
time of the situation of all balls in Box A by T . For each stage t with t < T ,
define Bt and Ct to be the number of balls in Box B and Box C at stage t,
respectively.
Then, P (Bt > Ct ∀t < T ) ≥ 1 − 2k, independently to m.
The proof below is inspired by the Ballot Problem. One may also prove
it by Doob’s Optional-Stopping Theorem.
Proof. From B0 /(B0 + C0 ) ≥ 1 − k, we may infer the probability of the
last ball drawn to Box A from Box B is no less than 1-k. This is because
for any particular ball in Box B or Box C, the probability of being taken to
Box A as the first, second,..., or the last ball is equal. (For example, when
k=1/10, one can view Box B as divided into 9 sub-boxes B 1 , B 2 ,..., B 9 with
B0i = bm/10c for all 1 ≤ i < 9 and B09 = m − 9bm/10c ≥ bm/10c. Since
every ball is picked randomly from B 1 , ..., B 9 and C to A, the probability
that the last ball is drawn from C is no greater than from any sub-box B i .
Thus P (CT −1 = 1) ≤ 1/10.
For a random trajectory V := (t, Bt − Ct )0≤t≤T in this dynamic process,
denote the minimum time t with Bt − Ct = 0 by t0 (V ). If t0 (V ) = T , then
Bt > Ct ∀0 ≤ t < T . We put
S1 := {v = (t, Bt − Ct )0≤t≤T : BT −1 − CT −1 = 1, t0 (v) < T }
and
S2 := {v = (t, Bt − Ct )0≤t≤T : BT −1 − CT −1 = −1}.
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We deduce P (S1 ) by a reflection method. Given a trajectory v = (t, yt =
Bt − Ct ) with t0 (v) < T and yT −1 = 1, the probability that the dynamic
process agrees with this trajectory can be determined as follows.
P (t, yt )0≤t≤T



=P (Bt − Ct = yt ∀0 ≤ t ≤ T )
=P (Bt − Ct = yt ∀0 ≤ t ≤ t0 (v)) ·
P (Bt − Ct = yt ∀t0 (v) < t ≤ T |Bi − Ci = yi ∀i ≤ t0 (v)) .
Now we reflect the trajectory v = (t, yt ) from stage t0 (v) with respect to the
line yt = Bt − Ct = 0 for all t to form a new trajectory v 0 = (t, yt0 ) with
yt0 = yt ∀t ≤ t0 and yt0 = −yt ∀t0 < t < T . Note that Bt0 (v) = Ct0 (v) . We may
then infer that
P (Bt − Ct = yt ∀t0 (v) < t < T |Bt − Ct = yt ∀t ≤ t0 )
=P (Bt − Ct = yt0 = −yt ∀t0 (v) < t < T |Bt − Ct = yt ∀t ≤ t0 ) ,
since the truncated stochastic process starting from stage t0 (v) is symmetric

with respect to the line Bt −Ct = 0 for all t. It follows that P (t, yt )0≤t≤T =

P (t, yt0 )0≤t≤T . Moreover, for each trajectory v = (t, yt ) with t0 (v) < T
and yT −1 = 1, there is a unique reflected trajectory v = (t, yt0 ), and vice
versa. Thus, it is a bijection from S1 to S2 in the reflection relationship.
From P (S2 ) = P (CT −1 = 1) ≤ k, it follows that P (Bt > Ct ∀t < T ) =
1 − P (S1 ) − P (S2 ) ≥ 1 − 2k. 

8.4

Preliminary lemmas for evolutionary dynamics

Lemma 8.8 Given the induced Markov chain (Zt ) of a finite extensive-form
game of perfect information with population size |m| > 1, suppose an individual q is chosen in population M (i) 3 q at some stage t, then for any positive
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number k, the probability that q is not chosen in M (i) for all stages between
t and t + dkme is greater than 2−2k−1 .
Lemma 8.9 Assume that at each stage the probability that selection takes
effect at a chosen individual is no less than σ̄. Given the induced Markov
chain (Zt ) of a finite extensive-form game of perfect information, suppose
that population M (i) is under selection pressure moving away strategy si for
all stages t > t̄. Then, for any pair of positive numbers k and λ, it follows
that
 1−λ
P msi (t̄ + dkme) > λm|Gt̄,t̄+dkme <
,
kλσ̄
where Gt1 ,t2 requires no mutation in all populations between stage t1 and t2 .

8.5

Proof of Proposition 4.1

It is easy to check that the backward induction equilibrium in Γ3 is (a1 , b3 ),
and the corresponding backward induction equilibrium component BC =
{(x1 , x2 )} satisfies
x1a1 = 1, 106x2b2 + 3x2b3 ≥ 2 and 9x2b2 + 9x2b3 ≥ 2.

(8.4)

One alternative pure Nash equilibrium is (a2 , b1 ). Its corresponding Nash
equilibrium component N C = {(x1 , x2 )} satisfies
x2b1 = 1, x1a2 ≥ x1a3 + x1a4 and x1a2 + 2x1a3 ≥ 2x1a4 .

(8.5)

We now prove Theorem 3.3 by Proposition 4.1 below.
Without loss of generality, we assume σ > σ̄ > 0 in the limiting process. Recall that the population size m is finite and we suppose µ < gσ̄ (m).
We define an event F below in a similar procedure as in the proof of the
analogous proposition in [19]. We are going to define a finite sequence of
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events F1 , F2 , ..., F9 with respect to the Markov chain (Zt )t≥0 , and put event
T
T
F to be 9i=1 Fi . For simplicity, we denote li=1 Fi by Dl for all 1 ≤ l ≤ 9.
Thus Dl = Dl−1 ∩ Fl . We would like to apply Lemma 8.6 after obtaining
U (BC, N C). To this end, we assume Z0 ∈ BC at stage 0. We shall see
the argument below is independent to the exact initial state in BC. We
enumerate the stages that at least one mutation happens as u1 , u2 , ...
Event F1 := {Zu11 (q 1 ) = a3 , mbi (Zu1 ) = mbi (Z0 ) ∀i = 1, 2, 3}. [The first
mutation is in population M (1) only and that yields an a3 strategy.]
Similarly to F1 in [19], we see that, for all w in BC,
P (F1 |Z0 = w) = (1 − µ)/6 > 1/7,

(8.6)

when µ < 1/7.
Event F2 := {µ−1 < u2 − u1 < 100µ−1 }. [The number of stages between
the first and the second mutation is between µ−1 and 100µ−1 .]
Similarly to F2 in [19], we see that, for all w in BC,
P (F2 |Z0 = w) > 1/16 − 1/200,

(8.7)

when µ < 1/4.
Note that between stage u1 and u2 , population M (1) is not under selection
pressure except the mutant playing a3 . To see this, note that for population
M (2), the best strategy to a3 is b2 . At stage 0, a1 is the best strategy to
Z 2 . (Z 2 is the population distribution of M (2).) The increase of Zb22 can
only consolidate the preference of population I to strategy a1 . Hence, the
only possible change of Z 1 between stage u1 and u2 is that the mutant of
a3 reverts back to a1 . We denote the stage that the mutant q 1 changes his
strategy by t1 := min{t > u1 : Zt1 (q 1 ) 6= Zu11 (q 1 )}.
Event F3 := {t1 − u1 < 1/(2µ)}. [From stage u1 , it takes less than 1/(2µ)
stages for the mutant to change his strategy from a3 .]
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Similar to the deduction to F3 in [19], we see that, for all w in BC,
P (F3 |D2 , Z0 = w]) ≥ 1 − e

−200
σ̄

.

(8.8)

Event F4 := {t1 − u1 > d72m/σ̄e}. [From stage u1 , it takes more than
d72m/σ̄e stages for the mutant to change his strategy from a3 .]
Claim: when µ < gσ̄ (m), for all w in BC,
P (D4 , Z0 = w) ≥ P (D2 , Z0 = w)(e−
1
where c4 (σ̄) is denoted to be ( 16
−

144
−1
σ̄

144
1
)(e− σ̄ −1
200

−e

−e

−200
σ̄

−200
σ̄

) ≥ c4 (σ̄)

(8.9)

)/7.

We take k = 72/σ̄ in Lemma 8.8. It follows that, for all w in BC,
P (F4 |D2 , Z0 = w) > 2−

144
−1
σ̄

>e

−144
−1
σ̄

,

(8.10)

for all m > 1. From (8.8), it follows that, for all w in BC,
P (F3 ∩ F4 |D2 , Z0 = w) ≥ e−

144
−1
σ̄

−e

−200
σ̄

.

Therefore, by (8.7) and (8.6), the claim is proved.
Event F5 := {mb2 (u2 ) ≥ 9m/10}. [At the stage of the second mutation,
the proportion of population M (2) playing b2 is no less than 9/10.]
Claim: for all w in BC,
7
P (D5 , Z0 = w) ≥ P (D4 , Z0 = w),
8

(8.11)

when µ < gσ̄ (m).
When ma3 = 1 > ma2 = ma4 = 0, for population M (2), the selection
towards strategy b2 is effective. We regard si as the combined strategy b1
and b3 , take k = 72/σ̄ and λ = 1/10, and apply Lemma 8.9. It follows from
the definition of D4 that, for all w in BC,

P mb2 (d72m/σ̄e + u1 ) ≥ 9m/10 D4 , Z0 = w ≥ 7/8,
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which completes the proof of the claim.
Event F6 := {Zu12 (q 1 ) = a2 , mbi (Zu2 ) = mbi (Zu2 −1 ), i = 1, 2, 3}. [The
second mutation is in population M (1) only and that yields an a2 strategy.]
Similarly to F1 , we find that, for all w in BC,
P (F6 |D5 , Z0 = w) > 1/7,

(8.12)

when µ < gσ̄ (m).
Event F7 := {µ−1 < u3 − u2 < 100/µ}. [The number of stages between
the second and the third mutation is between µ−1 and 100µ−1 .]
With similar analysis as in F2 , we find that, for all w in BC,
P (F7 |D6 , Z0 = w) > 1/16 − 1/200,

(8.13)

when µ < gσ̄ (m).
We denote t2 to be the first stage after u2 when the state is in N E, i.e.,
t2 = min{t > u2 : Zt ∈ N E}.
Event F8 := {t2 −u2 < 1/(2µ)}. [From stage u2 , it takes less than 1/(2µ)
stages back to NE.]
With similar analysis as in F3 , we find that, for all w in BC,
P (F8 |D7 , Z0 = w) ≥ 1 − e

−200
σ̄

.

(8.14)

Event F9 := {∃t : u2 < t < u3 , ma1 (Zt ) = 0, ma3 (Zt ) + ma4 (Zt ) ≤
m/10, mb1 (Zt ) = m}. That means
F9 ⊆ {∃t : u2 < t < u3 , Zt ∈ N C}.
[Between the second and the third mutation in the process, it enters into NC
at some stage.]
Claim: When µ < gσ̄ (m), for all w in BC,
P (F8 ∩ F9 |D7 , Z0 = w) > 2
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−160
σ̄

(7/40) − e

−200
σ̄

> 0.

(8.15)

Assume that, at stage u2 , a mutant appears at a2 and mb2 (u2 )/mb3 (u2 ) ≥
9, which is consistent with F5 . We show below some movements with positive
probability of two populations M (2) and M (1), respectively.
M (2): denote the event of ma2 (t) > ma3 (t) = ma4 (t) = 0 at stage t by
Fa (t). At any stage t > u2 , population M (2) is under selection to b1 , when
Fa (t) is true. Denote Yt to be the event {mb2 (t0 ) ≥ mb3 (t0 ) ∀u2 ≤ t0 ≤ t}.
Denote the event Gt1 ,t2 to be the one with no mutation in both populations
between stage t1 and t2 . By Lemma 8.7 in the case of k = 1/10, we know
that, given any t > u2 , (for example, take t = min{t0 > u2 , ma1 (t0 ) = 0})

P Yt |Gu2 ,t , Fa (t0 ) ∀t0 with u2 ≤ t0 ≤ t ≥ 4/5.

(8.16)

Regarding si as the combined strategy of b2 and b3 and taking k = 8/σ̄ and
λ = 1/5 in Lemma 8.9, we find


4m
P mb1 (u1 + dkme) >
Gu1 ,u1 +dkme , Fa (t) ∀u2 < t ≤ u2 + dkme ≥ 1/2.
5
(8.17)
M(1): we take k = 8/σ̄ in Lemma 8.8 and conclude that the probability
is greater than 2−1−2k that the mutant will keep playing strategy a2 between
stage u2 and u2 + dkme. (**)
If mb2 (t) > mb3 (t), then for population M (1) a2 is a better reply than a3
or a4 at stage t. Furthermore, if mb2 (t) > mb3 (t) and mb1 (t) ≥ 4m/5 from
some stage on after u2 , then population M (1) is under the selection pressure
to a2 .
Now the question is which population completes the selection process
first, conditional on t2 < u3 . Denote min{t > u2 : mb1 (t) = m} by t3 .
Consider the following two cases which satisfy t3 < u3 .
Case A: ma1 (t3 ) = 0, i.e., t2 = t3 . Then, between stage min{t > u2 :
ma1 (t) = 0} and t3 , population M (2) is under selection pressure to b1 , while
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population M (1) stays still. If the events in (**), (8.16), (8.17) and Case A
are all true, then (zt )u2 ≤t<u3 is in a trajectory to N C. Finally, all individuals
of populations II plays b1 at stage t2 . Thus ma2 (t) = mb1 (t) = m, i.e.,
Zt ∈ N C, for all t3 < t < u3 .
Case B: t3 < t2 , which means some proportion of population I still plays
a1 at stage t3 . If ma2 (t3 ) ≥ 9m/10, then b1 is the best reply for population
M (2) from stage t3 on. (?) If the events in (**), (8.16), (8.17), Case B, and
(?) are all true, then (zt )u2 ≤t<u3 is in a trajectory to N C. To analyse (?), we
first find a lower bound of the probability that t3 happens more than 72m/σ̄
stages later than u2 , based on the last individual converting to strategy b1 :


72m
P t3 − u2 >
|Fa (t) ∀u2 < t ≤ t3
σ̄

 72m
σ̄
1
≥ 1−
m
≥2

−144
σ̄

,

(8.18)

where m > 1. Taking k = 72/σ̄ and λ = 1/10 in Lemma 8.9, we may infer
that

 1
m
P ma1 (c(σ̄) + u2 ) >
Yt+c(σ̄) , Gu2 ,u2 +c(σ̄) < ,
10
8

(8.19)

where c(σ̄) := d 72m
e. Combining the results of (**), (8.16), (8.17), (8.18)
σ̄
and (8.19), we find that
P (F9 |F8 ∩ D7 , Z0 = w) > 2

−160
σ̄

(7/40),

for all w in BC. (Note that the mutation is independent of the selection
process.) We take (8.14) and σ̄ < 1 into account, and complete the proof of
the claim.
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Finally, from (8.9), (8.11), (8.12) (8.13) and (8.15)
min P (F |Z0 = w) > (2

w∈BC

−160
σ̄

(7/40) − e

−200
σ̄

)(1/16 − 1/200)(1/7)(7/8)c4 (σ̄),

when µ < gσ̄ (m).
Now we calculate the maximum expected transition time from BC to NC
conditional on F: for each w in BC,
Tw (F ) ≤ E [u1 |F, Z0 = w] + E [u2 − u1 |F, Z0 = w] + E [t2 − u2 |F, Z0 = w] .


For all w in BC, by the definition of F2 , E u2 − u1 |F, Z0 = w < 100/µ; by


the definition of F8 , E t2 − u2 |F, Z0 = w < 1/(2µ). So,
max Tw (F ) < 1/(2µ) + 100/µ + 1/(2µ) = 101/µ.

w∈BC

It follows from the definition of F2 and F7 that, for all w in BC,



Tw (F c ) ≤ E u1 |F, Z0 = w + 100/µ + 100/µ < 1/(2µ) + 100/µ + 100/µ.
We complete the proof by Lemma 8.6. 
Comment: For the selection mechanism of better reply, one needs to
note that, after u1 , both b1 and b2 are better strategy than b3 . So one has to
consider, for instance,
P (mb1 (t) ≤ m/2 ∀u1 < t < t1 |t1 < u2 ).
If mb1 ≤ m/2, then a1 is still the best strategy of population M (1). Hoeffding’s inequality can be applied to obtain a lower bound of the probability
above.

8.6

Proofs for Example 3

For the proofs of four lemmas in Section 6, given a state w in W , we denote
w̃ to be the next random state chosen with probability Q[w̃|w], as denoted
in Section 2.
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Proof of Lemma 6.2: Conditional on a w with ma3 (w) = 1 and
ma2 (w) = 0 at any stage, the probability is 1/m for that the chosen individual q(1) is the one playing a3 , i.e., P (w1 (q 1 ) = a3 |w) = 1/m. If w1 (q 1 ) = a3 ,
then BT 1 (q 1 , w) 6= ∅, regardless of whether mb2 (w) is positive. So,
Q(w̃1 6= w1 |w1 (q 1 ) = a3 ) = 1 − µ/3.
We also observe that P (w1 (q 1 ) = a1 |w) = (m − 1)/m, BT 1 (q 1 , w) = ∅ when
w1 (q 1 ) = a1 , and

Q ma1 (w̃) < ma1 (w)|w1 (q 1 ) = a1 = 2µ/3.
We may then infer that
Q(w̃1 6= w1 |w) =

1 − µ3
m − 1 2µ
1
2µ
+
≤
+
.
m
m 3
m
3

Therefore, for a state w with ma3 (w) = 1 and ma2 (w) = 0,
m/4

P (Zt1

=

Z01

∀0 < t ≤ m/4|Z0 = w) =

Y

1
1
P (Zt1 = Zt−1
|Zt−1
= w1 )

t=1

≥ (1 − 1/m − 2µ/3)m/4
≥ (1 − 1/m − 2η/3m)m/4
3m 3+2η
! 3+2η
12
1
= 1 − 3m
,
3+2η

with the condition µm ≤ η. When m ≥ 2(3 + 2η)/3, the probability above
is strictly increasing with respect to m. So,
Pµ,m (Zt1

=

Z01


 3+2η
1 6
∀0 < t ≤ m/4|Z0 = w) ≥ 1 −
.
2

Denote the right hand side above by c1 (η). 
Proof of Lemma 6.3: We abbreviate the notation S(m) to S, if no
ambiguity. Recall that at a state w with ma3 (w) = 1 and ma2 (w) = 0,
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the selection at population M (2) is towards strategy b2 . Denote {w ∈ W :
mb1 (w) = m} by S0 . It is straightforward that, for the Markov chain (Zt )t≥0 ,
P (B2 (m/4) ≥ m/40|Zt ∈ S ∀0 ≤ t ≤ m/4)
≥P (B2 (m/4) ≥ m/40|Z0 ∈ S0 , Zt ∈ S ∀0 ≤ t ≤ m/4) .

(8.20)

That is, Z0 in S0 is the ‘worst’ situation to reach B2 (m/4) ≥ m/40. In the
case of (Zt )t≥0 with Z0 ∈ S0 , B1 (t) ≥ 3m/4 for all 0 ≤ t ≤ m/4. Hence, for
all t with 0 ≤ t < m/4,

P Zt2 (q 2 ) = b1 |Z0 ∈ S0 ≥ 3/4.

(8.21)

It is straightforward that, at any t with 0 ≤ t < m/4, if Zt ∈ S, then

BT 2 q 2 , Zt = {b2 } \ {Zt2 (q 2 )}

(8.22)

since selection is always towards b2 when Zt is in S. We also observe that


P B2 (t + 1) > B2 (t)|Zt2 q 2 = b1 , Zt ∈ S = 1 − µ/2,

(8.23)

as the chosen individual will undergo mutation with probability µ.
From (8.21),(8.22) and (8.23), we may infer that, given any µ < 2/9, for
all t with 0 ≤ t < m/4,
P (B2 (t + 1) = B2 (t) + 1|Zt ∈ S, Z0 ∈ S0 ) > 2/3, and
P (B1 (t + 1) ≥ B1 (t) |Zt ∈ S, Z0 ∈ S0 ) < 1/3.
e periods that B2 (t+1) =
If among these m/4 periods it occurs in at least d 11m
80
B2 (t) + 1, then B2 (m/4) ≥ m/40. So,
P (B2 (m/4) ≤ m/40|Z0 ∈ S, Zt ∈ S ∀0 ≤ t ≤ m/4)
c
b 11m
80

≤

X
i=0

  i   m4 −i
2
1
.
i
3
3

m
4
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By Hoeffding’s inequality, we find
P (B2 (m/4) ≤ m/40|Z0 ∈ S, Zt ∈ S ∀0 ≤ t ≤ m/4)


( m4 23 − 11m
)2
1
80
≤ exp −2
.
m
2
4
It then follows from (8.20) that
P (B2 (m/4) ≥ m/40|Zt ∈ S(m) ∀0 ≤ t ≤ m/4)
≥P (B2 (m/4) ≥ m/40|Z0 ∈ S0 , Zt ∈ S(m) ∀0 ≤ t ≤ m/4)


( m4 23 − 11m
)2
1
80
.
≥1 − exp −2
m
2
4
Note the last term in the inequality above is strictly increasing with respect
to m. Denote c2 (η) to be its value when m = 2(3 + 2η)/3, and the result
follows. 
Proof of Lemma 6.4: From the one step transition probability matrix,
it follows that



Q w̃1 q 1 = a1 |w1 q 1 = a2 = 1 − 2µ/3,



Q w̃1 q 1 6= a1 |w1 q 1 = a1 = 2µ/3,



Q w̃1 q 1 = a1 |w1 q 1 = a3 ≥ (1 − µ/3)/2.

(8.24)

For the last formula, when mb2 (w) > 0, the equality holds; otherwise, the
probability is 1 − 2µ/3.
Let Hk := {w : ma2 (w) + ma3 (w) = k}, for k = 0, . . . , m. Then
Q (w̃ ∈ Hk+1 |w ∈ Hk ) =

m − k 2µ
,
m 3

and
ma2 (w)
ma3 (w) 1 −
Q (w̃ ∈ Hk |w ∈ Hk+1 ) ≥
(1 − 2µ/3) +
m
m
2
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µ
3

≥

k+13−µ
.
m
6

We know the invariant distribution property implies that
π[Hk ]Q (w̃ ∈ Hk+1 |w ∈ Hk ) = π[Hk+1 ]Q (w̃ ∈ Hk |w ∈ Hk+1 ) ,
so
π[Hk ]

m − k 2µ
k+13−µ
≥ π[Hk+1 ]
.
m 3
m
6

Then,
π[Hk+1 ] ≤ π[Hk ]

4µ m − k
.
3−µ k+1

Therefore, we have
 
k
m
4µ
π[Hk ] ≤ π[H0 ]
.
k
3−µ
From 1 =

Pm

k=0

π[Hk ] and the Binomial Formular, it follows that

−m 
m
4µ
4µ
π[H0 ] ≥ 1 +
> 1−
.
3−µ
3

Since mµ ≤ η, we find

π[H0 ] >

4η
1−
3m

! 4η3
 3m
4η
.

Note that the right hand side above is strictly increasing with m when m ≥
8η/3. Hence,

πµ,m [{w : ma1 (w) = m}] ≥

1
1−
2

 8η3
.

Denote the right hand side above by c3 (η). 
Comment: For the selection mechanism of best reply, the result still
holds, with the condition (8.24) replaced by the following inequality.



Q w̃1 q 1 = a1 |w1 q 1 = a3 ≥ 1 − (2µ/3).
This is the only difference for two selection mechanisms in the proof of Proposition 6.1.
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Proof of Lemma 6.5: From the property of invariant distribution, it
follows that
π[{w : ma1 (w) = m}]Q (w̃ : ma3 (w̃) = 1|ma1 (w) = m)
≤π[{w : ma3 (w) = 1 & ma2 (w) = 0}]Q (w̃ 6= w|ma3 (w) = 1 & ma2 (w) = 0) .
Hence, by the similar argument as in the proof of Lemma 6.4, we find
π[{w : ma3 (w) = 1 & ma2 (w) = 0}] ≥ π[{w : ma1 (w) = m}] 3−µ
m

µ
.
+ m−1
2µ
m

Note
3−µ
m

µ
mµ
=
m−1
3 + 2mµ − 3µ
+ m 2µ
1
> 3
+2
mµ
1
≥ 3
,
+2
δ

as mµ ≥ δ. We may then infer that
πµ,m [{w : ma3 (w) = 1 & ma2 (w) = 0}]
≥πµ,m [{w : ma1 (w) = m}]
≥

δ
2δ + 3

c3 (η)δ
,
2δ + 3

by Lemma 6.4. Denote (c3 (η)δ)/(2δ + 3) by c4 (δ, η). 

Acknowledgements
The author is grateful to Sergiu Hart for many suggestions and discussions.
The author would also like to thank Katsuhiko Aiba, Tomas Rodriguez Barraquer, Yosef Rinott and Eyal Winter for their comments.

50

References
[1] R.J. Aumann, Backward induction and common knowledge of rationality, Games Econ. Behav. 8 (1995) 6-19.
[2] E. Ben-Porath, Rationality, Nash equilibrium and backwards induction
in perfect-information games, Rev. Econ. Stud. 64 (1997) 23-46.
[3] K. Binmore, A Note on Backward Induction, Games Econ. Behav. 17
(1996) 135–137.
[4] R. Cressman, Evolutionary Dynamics and Extensive Form Games, MIT
Press, Cambridge, 2003.
[5] R. Cressman and K.H. Schlag, The dynamic (in)stability of backward
induction, J. Econ. Theory 83 (1998) 260–285.
[6] D. Fudenberg, D.K. Levine, The Theory of Learning in Games, MIT
Press, 1998.
[7] D. Foster and H.P. Young, Stochastic evolutionary game dynamics,
Theor. Pop. Biol. 38 (1990) 219–232.
[8] J. Gale, K. Binmore and L. Samuelson, Learning to be imperfect: The
ultimatum game, Games Econ. Behav. 8 (1995) 56–90.
[9] H. Gintis, R. Cressman and T. Ruijgrok, Subgame Perfection in Evolutionary Dynamics with Recurrent Perturbations, in Handbook of Research on Complexity (ed. J. Barkley Rosser), 353-368, Edward Elgar
Publishing, Northampton, MA, 2009.

51

[10] Z. Gorodeisky, Evolutionary stability for large populations and backward induction, Mathematics of Operations Research 31 (2006) 369–
380.
[11] S. Hart, Evolutionary dynamics and backward induction, Games Econ.
Behav. 41 (2002) 227–264.
[12] G. Noldeke and L. Samuelson, An evolutionary analysis of backward
and forward induction, Games Econ. Behav. 5 (1993) 425–454.
[13] M. Kandori, G. Mailath and R. Rob, Learning, mutation, and long-run
equilibrium in games, Econometrica, 61 (1993) 29–56.
[14] C. Kuzmics, Stochastic evolutionary stability in extensive form games
of perfect information, Games Econ. Behav. 48 (2004) 321–336.
[15] J. Maynard Smith and G.R. Price, The logic of animal conflict, Nature
246 (1973) 15–18.
[16] L. Samuelson, Evolutionary Games and Equilibrium Selection, MIT
Press, 1997.
[17] R. Selten, Spieltheoretische Behandlung eines Oligopolmodells mit
Nachfragetragheit. Z. Ges. Staatswissen. 12 (1965) 301-324.
[18] R. Selten, Re-examination of the perfectness concept for equilibrium
points in extensive games, Int. J. Game Theory, 4 (1975) 25-55.
[19] Z. Xu, Evolutionary stability in general extensive-form games of perfect
information, Center for the Study of Rationality, Hebrew University of
Jerusalem, Mimeo.

52

[20] Z. Xu, Evolutionary stability in finite stopping games under a fast bestreply dynamics, Center for the Study of Rationality, Hebrew University
of Jerusalem, Mimeo.
[21] H.P. Young, The evolution of conventions, Econometrica, 61 (1993) 57–
84.
[22] H.P. Young, Individual Strategy and Social Structure, Princeton University Press, 1998.

53

