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Abstract

We prove that a single-valued solution of perfectly competitive TU economies underling nonatomic
exact market games is uniquely determined as the Mertens value by four plausible value-related axioms.
Since the Mertens value is always a core element, this result provides an axiomatization of the Mertens
value as a core-selection. Previous works in this direction assumed the economies to be either differen-
tiable (e.g., Dubey and Neyman [9]) or of uniform finite-type (e.g., Haimanko [14]). Our work does not
assume that, thus it contributes to the axiomatic study of payoffs in perfectly competitive economies (or

values of their derived market games) in general. In fact, this is the first contribution in this direction.

1 Introduction

The equivalence of the core and the set of competitive (Walras) payoffs in “perfectly competitive” economies
is one of the most striking results in economics. It was already conjectured by Edgeworth! [11], and has been
shown to hold in limit economies (e.g., [6, 17, 23]), nonstandard economies (e.g., [4]) and in nonatomic
economies (e.g., [2]). It was later on observed by Aumann ([3]) that, in nonatomic economies with a

992

smoothness assumption on the preferences, the set of “value allocations” also coincides with the above

two. This equivalence is known in the literature as the equivalence phenomena (see [9]).

The equivalence phenomena is even more astounding in economies with smooth, transferable utilities
(TU): these have a single-valued core whose unique element, a competitive payoff, is the Aumann-Shapley
[1] value. The coincidence and uniqueness® of these sets demanded an explanation. This was supplied by
Dubey and Neyman [9] in the form of a “meta-equivalence” theorem for perfectly competitive (nonatomic)
TU economies with smooth preferences. Namely, they characterized the equivalence phenomena axiomat-

ically, by a list of four simple and plausible axioms.

Dubey and Neyman meta-equivalence result holds, nonetheless, only (see [9, p. 1146]) under the smooth-

ness assumption, namely - when the sets are singletons. In general, however, the core of a perfectly

*School of Mathematical Sciences, Tel Aviv University, Tel Aviv 69978, Israel.
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Tn his terminology the core was dubbed the contract curve.

2 Allocations whose definition is based on the Shapley [22, 1] value.

3Namely, that each set consists of one element.



competitive (nonatomic) economy is usually not single-valued. If, for example, we adopt the production
interpretation for economies (as we usually shall), then in most applications the agents’ production func-
tions will usually have “kinks” that will prevent the core from being single-valued. If the core is not
single-valued, it is still equivalent to the set of competitive payoffs, but the Aumann-Shapley value may,
however, not exist. Thus, the task of extending Dubey and Neyman [9] “meta-equivalence” theorem in its

original form to the more general setting may seem to be impossible.

Nevertheless, a small divergence might help; we may wish to select an element of the core in a consistent
and economically meaningful way, that extends the Aumann-Shapley value whenever it exists. Such a
selection exists, and was first constructed by Mertens [18, 19], thus it is known as the Mertens value.
This selection avoids discontinuities, discrimination between agents, and inconsistencies in the selection of
payoffs. It also coincides with the asymptotic Shapley value of economies, whenever the later exists, and
thus it is natural to replace, in the more general setting, the Aumann-Shapley value with the Mertens value,

and to try to extend Dubey and Neyman [9] result into a “meta-selection” theorem for general economies.

The first breakthrough on this matter is due to Haimanko [14]. He proved that four plausible axioms,
closely related to those set in [9], determine a unique core selection on the domain of perfectly competitive
TU economies of uniform finite-type*, and that this core selection is indeed the Mertens [19] value. However,
Haimanko’s work did not settle the matter on the entire domain of perfectly competitive TU economies,
and not even on its subdomain consisting of finite-type economies®. Haimanko’s methods relied heavily on
the uniform finite-type assumption, with no apparent way to apply them in more general settings.

6 is a function

To be more specific, if an economy is of uniform finite-type, then its derived market game
of finitely many, mutually singular, nonatomic probability measures. Haimanko [14] observed that the value
axioms imply, in this case, that the a payoff obeying his axioms can be written as a linear combination of
the derived market game’s measures, whose coefficients depend solely on the agents’ production functions
marginals. Haimanko then used the value axioms to prove that this observation gives rise to a simple
representation formula of the payoff as a barycenter of the economy’s core. His axiomatization also yielded,
in this case, a line of properties, geometric in nature, of the barycenter representation that lead in turn to

the characterization of the payoff as the Mertens [19] value, which is known” to be a member of the core.

In general, a nonatomic market game derived from a perfectly competitive TU economy may not be
a vector measure game. In fact, even if we restrict our attention to economies whose derived market
games are vector measure games®, it is unknown if a payoff satisfying Haimanko’s axioms is indeed a
linear combination of the derived game’s measures. In fact, there are some examples, constructed on
other domains, to contradict that (e.g., Hart and Neyman [15]). This fact limits any straightforward

attempt to represent the payoff as a barycenter of the core and study the relationship between the different

4Namely, economies with finitely many types of production functions and endowments.

®Namely, those with finitely many type of production functions and general endowments.

SA game in characteristic function form that assigns to every coalition of agents the maximum production output that it
could achieve by reallocating its resources among its members.

"In the special case of perfectly competitive TU economies, the Mertens value is given by an explicit formula as a barycenter
of the core. See Mertens [19].

8E.g., in the case of finite-type economies, i.e., an economy with finitely many types of production functions and a general
endowments.



representations, as it was done by Haimanko [14]. Thus, renouncing the uniform finite-type assumption

makes the problem by far more immune to analysis.

To make the problem a bit more tractable to analysis, we might wish to consider a subdomain of
“simple” perfectly competitive TU economies. We obviously do not wish to consider any subdomain, but
one with a clear importance in economic applications and one that will advance our understanding of the
problem. The payoffs studied in both Dubey and Neyman [9] and Haimanko [14] are assumed to follow

some9

continuity axiom. It is well known (e.g., Dubey and Neyman [9, Lemma 5.5], and recently also our
[12] more general result) that continuous payoffs in a perfectly competitive TU economy are completely
determined by the behavior of the derived market game in a small neighborhood of its diagonal. It may
thus be appropriate to consider only economies whose derived market games are completely determined by
their behavior in an “infinitesimal” neighborhood of the diagonal. In fact, we shall restrict our attention
to the domain generated by exract economies, namely, perfectly competitive TU economies whose derived
market games are exact. This domain contains many economies of interest, especially when we adopt the
production interpretation for the economies. Furthermore, these economies have another helpful advantage;
it is well known that perfectly competitive TU economies have finite dimensional cores (e.g., Hart [16]),

and therefore exact market games have a simple representation as vector measure games.

In this work we prove a “meta-selection” theorem for exact economies in general. Namely, we prove that
a single-valued solution of exact perfectly competitive TU economies is uniquely determined as the Mertens
value by the axioms of “efficiency”, “anonymity”, “separability”, and “positivity”. Out axiomatization is
akin to that of [14]. Table 1 may be found helpful in placing our work in the context of the main results

on the value equivalence phenomenon.

Value Equivalence Aumann and Shapley [1]
Value “Meta-Equivalence” | Dubey and Neyman [9]
Value Selection Mertens [19]
Value “Meta-Selection” Haimanko [14]

uniform finite-type economies
Value “Meta-Selection” Edhan (this work)
general exact economies

Table 1: Summary of results
for perfectly competitive (nonatomic) TU economies

The axioms will be spelled out precisely in Section 2, but let us present them at an intuitive level now.
For the time being we shall spare the reader with most of the technical details. Denote the set of agents
by T. An economy FE is essentially set by the agents’ endowments a and production functions u, so (u, a;)
are the production function and endowment of agent ¢ € T'. Recall that the derived market game vg of F,
is the game in characteristic function form that assigns to every coalition of agents the maximum output

that it could produce by reallocating its resources among its members. Payoffs of the economy E may

9To be specific, it is assumed that the variation of the difference between the payoffs in two economies is sufficiently small
whenever the variation of the difference of the market games derived from these economies is sufficiently small.



be identified with members of the set FFA, of positive finitely additive and bounded measures. Thus, a
payoff selection on the domain of exact economies (economies with an exact derived market game) &, is

a mapping

Vi€ — FA,.

M« M

We will impose four axioms on 1: “efficiency,” “anonymity,” “separability,” and “positivity.” Our main

result is that these axioms uniquely determine v as the Mertens value.

The efficiency axiom says that 1 is Pareto optimal. The anonymity axiom asserts that the labels of the
agents do not matter; their relabeling will only result in relabeling their payoffs, accordingly. These axioms

hold for many solutions, not only on &, but also for more general domains and also for finite economies.

The separability axiom considers an economy made up of two separate, noninteracting parts; suppose
that, given economies E’, E”, producing the same kind of output, we construct an economy in which
each agent has and can access its endowments and production abilities in £’ and E”, but cannot use his
endowment in E’ to produce output in E” and vice versa. In this case, the output of every coalition
of agents in the economy E is just the sum of their outputs in E’ and E”. So, essentially, production
in F is equivalent to production in E’ and in E” independently of each other. Thus, the payoff in
should be at least as high as the separately obtained payoff of E’ and E”, namely for every coalition S
Y(E)(S) > Y(E)(S)+ 1 (E")(S). This axiom is related to the additivity axiom for the value.

The positivity axioms asserts that if the economy E has higher marginals than the economy E’ then
Y(E) —(E') € FAL. This is a weaker form of the positivity axiom for the value (see [1]).

The unique payoff selection satisfying these axioms turns out to be the Mertens [19] value!'". Tt should be
noted that, with the exception of the axiom of efficiency, the axioms do not involve any assumption on the
range of the payoff selection. In particular, inclusion in the core is not implied by any of them individually.
It is thus surprising that a core selection is determined by these axioms. Even more astounding is the fact
that the payoff of an economy is completely determined by its core; indeed, economies sharing the same

core also have the same Mertens value.

Due to their proximity, it is worth comparing our axiomatization with the one offered in [14]. The
two axiomatizations differ in one axiom. We have replaced the contraction axiom, Haimanko’s version of
continuity, by our positivity axiom. The two axioms are in fact related, as the contraction and efficiency
axioms implies the positivity of the payoff selection (Proposition 4.6 of Aumann and Shapley [1]). The
continuity of the payoff selection is obtained, in this case, as an outcome of our axiomatization. It seems
that the continuity is needed as a separate axiom only if more general production functions are to be

considered.

Finally, let us mention that in the smooth utilities case axioms of a similar nature can characterize the
competitive payoff correspondence for perfectly competitive economies with nontransferable utilities (see

[10]). We hope that our approach can be translated into the setting of NTU economies as well.

'The Mertens value is constructed for economies in [19]. We briefly describe its formula in appendix B.



2 Definitions, Axioms, and The Main Result

Let (T, C) be a standard measurable space. T is the set of agents, and C is the o-algebra of coalitions. The
set of all bounded and finitely additive measures on (7',C) is denoted by F'A, its cone of bounded, finitely
additive, and nonnegative measures on (7',C) is denoted by F A, and the set of all bounded nonatomic
measures on (7,C) is denoted by NA. The set of nonatomic probability measures on (7,C) is denoted
by NA'. An economy FE is a triple (u,a,v), where u : T x ]Rf“ir —+Randa:T — Ri for some k, and
v € NAL For each t € T, a; = a(t) is agent ¢ initial endowment of commodities 1, ..., k, u(-) = u(t,-) is
its utility function on the space of commodity bundles R* | and v is a population measure s.t. the following

conditions hold:

1. a is measurable;
2. u is C x By, measurable, where B, denotes the Borel g-algebra on R¥ : and,
3. Jrawdv(t) € (0,00)".
We further assume that for every t € T
4. u; is monotonically nondecreasing and continuous;
5. ui(z) = o(||z]|) as ||z|| — oo; and
6. u(0g) = 0.

Given v € N Al we denote by €(v) the set of all economies E = (u, a,v), and further denote € = |J €&(v).
veENAL

A game is a function v : C — R with v(0)) = 0. Given E = (u,a,v) € €(v), the derived market game vg
corresponding to E is given for every S € C by

vp(S) = max {/Tut(xt)du(t))a: T o RE, 2, (S) = aV(S)} ,

where y,,(S) abbreviates [ y;dv(t). The maximum is attained by [1, Proposition 36.1].

The core of an economy F is the set
Core(E) ={v e NA:¥S € Cv(S) > vg(S),v(T) =ve(T)},

and this is a finite-dimensional set by [16, Eqaution (2.15), Corollary (2.16)]. An economy E = (u,a,v) €

E(v) is exact if't vp(S) = énin(E),u(S). Let €., () be the subset of &(v) consisting of exact economies,
peCore
and let €., = |J €e(v). By abuse of terminology we shall refer to a game v as an exact market game
veNAL

iff there is some E € €., with v = vg. Denote by EM . the set of exact market games.

A payoff selection on &, is a mapping ¥ : &, — FA,, that satisfies axioms (1)-(4) stated below.

"The minimum exists as Core(E) is compact.



Axiom 1 (Efficiency). For every E € &,

V(E)T) = vp(T).

Denote by © the set of all measurable automorphisms of (7',C), namely, the set of bi-measurable
bijections 6 : T" — T. For every economy (u,a,v) € &, and every § € © define the economy 0F =
(Ou, 0a,0v) where (Ou); = ugqy and (fa); = ag() for each t € T. Notice that for every S € C vyp(S) =
vE(0S) = (Bvg)(S).

Axiom 2 (Anonimity). For every v € €., and every 0 € ©
V(OF) = 0V (E).

If E = (ua,v),E = ,d,v) € €,(v), where a : T — RE, ' : T — Rfﬁ, and v € NA! define an
economy E® E € € by (udv,a®d,v), where ud v’ : T X Rff’k/ —Randa®dd : T — RT”“/ are
given by (a ® d’); = (ar,a;) and (u® u')(z,y) = w(z) + uj(y). Observe that vperp = vE + vE and hence

also that vpgp = min w. Hence E @ E' € €., and EM . is a positive cone. The following axiom
ueCore(vpgpr)
connects the payoff of the economies F @ E’ with that of the payoffs of E, E’ € &.,(v):

Axiom 3 (Separability). For every v € NA', E,E' € €., (v), and S €C
U(E® E)(S)>V(E)(S)+ V(E)S).

Remark 2.1. Notice that by combining the efficiency and the separability axioms we obtain that for every
veNAY E E' € ¢.,(v),and S €C

VU(E® E)(S)=Y(E)(S)+ Y (E)S)

A game v is monotonic if for every S C S’ € C, v(S) < v(9").

Axiom 4 (Positivity). If E, E' € €., and vg — vgr is monotonic then
V(E)—-W(E')e FA;.

The set of all payoff selections on &, is denoted by PS(&.;). The existence of a payoff selection on
¢, that satisfies axioms (1)-(4) is a direct corollary of Mertens [19] (see also Appendix B). The payoff
selection constructed by Mertens [19] will be denoted by W¥j,. Our main result is:

Theorem 2.2. PS(&.;) = {Uy}.

Remark 2.3. Tt is important to note that a payoff selection that satisfies axioms (1)-(4) may be viewed as
a mapping on the space of exact market games, and that axioms (1)-(4) can be restated in the new setting
in a straightforward way. Such a mapping is usually referred to as a value in the relevant literature (e.g.,

see [14]), and is closely related to the theory of values of nonatomic games (see [1]).



3 Preparations

3.1 Vector measure representation of games in EM

For k > 2 denote by A* the k — 1 dimensional simplex in R’i. Denote by EM _’ﬁ the positive cone generated
by the functions f¢ : Rﬁ — R given by fo(x) = migc -2 where C' C AF is compact and convex. Denote
ce

by HM J’ﬁ the positive cone generated by the functions fo : Ri — R where C' C A is compact and strictly
convex. Denote by EM* and HMP¥ the linear spaces spanned by EM f_ and HM _’ﬁ respectively.

Lemma 3.1. Ifve EM, thenv = fop with f € EMf_ and p € (NAl)k for some k > 2.

Proof. Suppose v € EM4 and v # 0. As Core(v) is finite-dimensional then Core(v) = C - u for some

k
uEe (NAl)k, Cc Rﬁ is compact and convex, and k > 2. Notice that if ¢ € C then Y ¢; = v(I), hence
i=1

v(S)= min v(S)=v(I) min c-p € EM;.
veCore(v) CE%

O]

Denote by HM the positive cone generated by games of the form fou with f € HMf_ and p € (NAl)k
for some k > 2. Denote by EM and ‘HM the linear space spanned by EM 4 and HM . respectively.

3.2 Directional derivatives of EM* functions.

Given f € EM*, z ¢ R{“H, and y € R¥, the directional derivative df (z,y) of f at z in the direction y is
given by

df (r,) = lim flatey) — flz)

3.1
e\o0 15 ( )

The limit exists for every f € EM j"’_ by concavity. By linearity the definition may be extended to functions
f e EMF.
If f € EMF then for every € R the function df(z,-) : R¥ — R is concave. Thus the directional
derivative of df (x,-) at y € R¥ in the direction z € R¥ that is given by
df(xvy + EZ) — df(fE, y)

& (,.2) = lim - , (3.2)

exists, and by linearity the definition may be extended to functions f € EMP.

Denote by 1; € RF the vector with coordinates (1;), = 1 for every 1 < i < k, and let D* =
{t1; : t € R, }. Notice that if f € EMP" then for every x € D\ {04}, every y,z € R*, every a € R,



and every b > 0,
df (z,aly + by, z) = df (1, y, 2). (3.3)
Let x : T — R*. For every f € EMF, z € R’_“H, and y € R¥ define df (z,y,x) : T — R by
Vs €T, df (x,y,x)(s) = df (z,y, x(s))- (3.4)
3.3 The direction space ().

k
For every p € (NAl)k denote 1 = % 3" p;. For any A € NA! and k > 1 denote

.
FAS {M e (NAY < A, ﬁ € LOO(A)}.

oo oo
Denote NA* = | (NAl)k, and Z§¥ = (J Z¥. For p € NA* with g = (u1, ..., i) denote k(u) = m. For
=1 k=1

any k > 1 and z € R* denote T = % ;xz and'? T*(z) = ||j:§11:||2' Also denote S = {Tk(x) e Rk}‘

Let Bi(T, C) be the set of bounded measurable functions x : T — R with 0 < y < 1. For any y € B (T,C)
and p € NA* denote y(u) = TFH (u(y)).
The mapping y — (y(“))ueZ; maps BL(T,C) onto Y, C T[] Sﬁ(“). Denote the closure of Y, in
HEZY

II Slj_(“) (w.r.t. the product topology) by Q). We refer to Q) as the direction space with perspective .
HEZY
The following Lemmata are proved in Appendix A:

Lemma 3.2. Let p € Zl)‘j and U : RF — R™ be a linear map with U o pu € Z0. If x € Q) satisfies
U(z(un)) & D™ then

2(U o 1) = (T™ 0 U) (2(1). (3.5)
k

Lemma 3.3. Let ju € Z;f“. For every a € [0,1] and 1 < j < k denote p = (1 — ) > prie; + alpip+1 —
i=1

pi)e; € Z8. If v € Qy satisfies (x(p)1, ...,z (1)) & D*, then

2(1f) — (). (3.6)

a—0t

3.4 The derived value on €M

Lemma 3.4. Every ¥ € PS(&.,) determines a value (see [1]) & : EM — FA.

. 0. .
2The convention Tk = 0y, 1s used.



Proof. For v € EM with v = vg — v for some E,E' € €., let
B(v) = W(E) — U(E).

Notice that for a choice of Ey, E{), E1, E] € €, with v = vg, — Vg = VB, — Vg there is some v € NA!
with Ey, E{, E1, E] € €.5(v). Therefore the mapping ® is well defined by Remark 2.1. Linearity of ® also
follows from Remark 2.1, and efficiency and anonymity of ® follow easily from the efficiency and anonymity
axioms for W, respectively. If v € EM is monotonic and v = vg — v for some E, E' € &,,, then by the
positivity axiom for ¥ we obtain ®(v) = U(E) — U(E’) € FA, hence ® is also positive, and therefore it
is a value on EM. O

We refer to @ as the derived value of ¥. We shall also consider, from now on, values on EM. As we

shall always mention the domain, and use suitable notation, no confusion should result.

3.5 Representations of values on EM

Here we summarize some of the results in Edhan [13] that are needed for the proof of Theorem 2.2. The
statement of these results require a somewhat deeper knowledge in functional analysis. The reader may

refer to the functional analysis background appendix (Appendix D).
The following Theorem is a consequence of [13, Theorem 2.6]. It is proved in Appendix A:

Theorem 3.5. Let ® be a value on EM. For every A\ € NA' there is a finitely additive and positive vector
measure Py of bounded semi-variation (i.e., |Py\|(2)\) < oo. See Appendix D for details.) on the Borel sets
of U\ with values in £ (L>®(X), L*(\)) s.t. for every coalition S € C the vector measure Py = (Py,xs) is
positive, regular, and countably additive of bounded variation, and for every f € EMF and p € Zf we have
for every S € C

B(fou)(s) = [

[ (1k, 2(p), jﬁ) 0P (). (3.7)

Furthermore, if f € HM* then

w(ron®) = [ ([ Ki (10,200, 30 aPr(0)) (har(s). (3.5)

For every k > 1, every nonempty J C {1, ...,k}, and every = € R*, denote by 77"}(3:) e R the projection

of x onto the set of indices J. The following proposition summarizes some of the results of [13]:

Proposition 3.6. If ® is a value on EM, then for every A\ € NA! the vector measure Py in Theorem 3.5

can be chosen s.t. the following properties hold:

1. If p € 2% satisfies fl—’/{(s) ¢ D¥ for A-a.e. s € T then for every Borel set E C Sk we have (in the



vector lattice L*(\))

(LP){z€eQy:az(n) € E}Y) =(1,P\) {x € Q) :2(n) € —E}); (3.9)

2. If J C {1,....k} is nonempty, and p € Z§ satisfies %)\o“)(s) ¢ DVl for X\-a.e. s € T then (in the
vector lattice L*()\))

(1, Py) ({x €Oyt (z(p) € DlJ‘}) — 0 (3.10)
8. If u € 2% satisfies dim(AF(u)) > 2 then (in the vector lattice L*(\))
(L, Py) ({z € Qx: 2(p) = 0p}) = 0 (3.11)
4. If x € L®()\) then for every Borel set E C Q) we have (in the vector lattice L*(\))

O Pa) (B) = x(1, By) (E). (3.12)

Proof. Given the choice of Py, property (1) is a consequence of [13, Lemma 5.5], property (2) is a con-
sequence of [13, Corollary 5.6], property (3) is a consequence of [13, Remark 5.1], and property (4) is a
consequence of [13, Remark 5.3]. O

4 The Proof of Theorem 2.2

This section is dedicated to the proof of Theorem 2.2. Before we begin, let us briefly describe the structure
of the proof. For every payoff selection ¥ € PS(€.;) we consider its derived value ®, which is a value on
EM given by Lemma 3.4. We apply Theorem 3.5 and Proposition 3.6 to ® and consider for every A € N A!

the vector measure Py. We then study the Borel measures ni . On S’j_ given by
M u(E) = (1, PY) ({z € Qy : 2(n) € EY}) (4.1)

for every A € NA!, every p € Zf, every S € C, and every Borel set F C Sli. We show that if A(S) > 0 then
the family 5 = {nf uiME Z;} induces an auxiliary family Q5 = {/@f u il E Z;} of Borel probability
measures on Euclidian spaces that in turn induces a conical set measure (see Appendix C for details)
on L'()\) with a certain invariance property w.r.t. members of the group ©()), the subgroup of © of \-
preserving automorphisms. Theorem 2.2 is then deduced by the aid of Proposition C.2 (in the Appendix)

and some of the properties described in Proposition 3.6.

10



4.1 The Measures /-ziu and their properties.

From now on fix some A € NA! and S € C with A(S) > 0. For every u € Z§ the measure niu given by
Equation (4.1) may be considered as a Borel measure on R¥ with total mass A(S) which is supported on

Sli. We shall, from now on, treat these measures as such and no confusion should thus result.

Denote!® NA) = {,u €ENA: |ul <A, % € L>®(\), w(T) = O} and let p € (NAé)k. For each 1 <
i < k with p; # 0 let p; = uj — p; be the Jordan decomposition of y;. This decomposition is uniquely
determined. If p; = 0 we arbitrarily define ,u;L =pu; = A Let

M*:< i i iy i A)EZ?’CH
pi ()7 (1) i ()7 i (T)

and define a linear mapping T}, : R?**! — R¥ by T),(2) = (p (T) (2 — xkﬂ))k 1+ Define a Borel probability

1=

S k 14 .5 _ _1 S k ; :
measure Ky , on R by'* k = WTMOW, e For any measure P on R” denote by ¢ p its Fourier transform.

Denote!® by B"(R*) the o-algebra generated by open cones C' C R¥ based at 0;. Denote by Ei# the
restriction of ﬁfu to Bem(RF).

S

Lemma 4.1. The measure EML

Beon (]Rk) .

is invariant under reflections, i.e., /ef“(E) = /@ﬁﬂ(—E) for every E €

Proof. If dim(AF(u*)) = 1 then nf’m = A(S)do,, ., and hence Eiu = dp, which is invariant under reflec-

tions.

Suppose dim(AF(p*)) > 2. Then by property (1) in Proposition 3.6 the measure nf,#* is invariant
under reflections as for A-a.e. s € T" we have %(s) ¢ D?+1 and the Lemma follows by the definition of
=S
R e O

Recall that for every k > 1, every nonempty J C {1,...,k}, and every = € R*¥ we denoted by 7%(z) the
projection of = onto the set of indices J, and let Y% (z) = YWl o 7k (z).

Lemma 4.2. For every k> 1, p € (NAS‘)k, and nonempty J C {1,....,k}

—S _ .k _ =S
H}\,TF(];OM =7y H)MM'

Proof. First notice that 7r§ ou € (NAS)M, SO Eiwﬁo“ is well defined.
If 77§ op =0y the Lemma is straightforward. Suppose otherwise. We claim that the Lemma follows if
for every m > 2, J' C {1,...,m} with |J'| > 2, and v € Z}" satisfying d(ﬁgioy) (s) & D'l for \-ae. s €T,

we have

Moy = T 0115, (42)

13See appendix C for more details.
YRecall that by assumption A(S) > 0.
15See appendix C for more details.
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Indeed, in this case take J' = {1 <j<2k:j modk e J}U{2k+1}. Then 2k +1 > 2, |J'| > 2, and

+1O * ,
dlmy o) s) & DI’ for A-a.e. s € T. Hence for every E € B<"(R”I
dX
SIS k0 (B) = (Tt 015 (1t ) (B) = <T oy O 13 ﬂzmou*) (B) = (4.3)
(Tosop 0 T8 0050 ) (B) = 05 e (T 0 T3 7H(E)) = (4.4)
1 (750 1)U (E)) = (o Tuons, ) (B) = M) (7 0 k5, (B), (4.5)

where the last equality in line (4.3) above follows from Equation (4.2), the last equality in line (4.4)
1 B
follows from the fact that!® (Trrf;ou o T?/f“) (E) = (o T)) ! (E) for every E € B°"(RF), and the last

equality in line (4.5) follows by the definition of /ii ,» and the Lemma follows.

We thus turn to prove Equation (4.2). Let v € Z{*, and suppose J' C {1,...,m} satisfies |J'| > 2. If
dim(AF (7'}, ov)) = 1 then for every x € Q) we have z(7'}} ov) = 0y and Y7 (x(v)) = 0y 5. Thus

77/\7r - {0‘(]/'} (1 P)\ {ZL'GQ)\ l’(ﬂ'J/OI/)—OU/‘} (1 P/\>(Q,\):
(1L,PY)({x € 0 : YT (@(v) =05 }) = Y5 o3, ({0 }),

and therefore n/\w vop = T 0 n}\ » = A(S)do, ,,, and we are done.

Suppose dim(AF(n'}; ov)) > 2. By property (2) in Proposition 3.6 we have (as by our assumption

d(ﬁd;y (s) & D'l for A\-a.e. s € T)

(1, P ({r € O TR((w)) = 0y }) = 0. (46)

Thus for every Borel set £ C S‘J‘_]/|

5oy, (B) = (1, PY)({z € O : T (2x(v) € E}) = (4.7)
(LPY({z e YT(z(v) € E\{O}}) = (4.8)
(1 PA)({xEQA z(n'} ov) EE\{O‘M}} (4.9)
(1, PA Y{z € Qy 1 ax(nfov) e E}) = nx\mf}ﬁow

where the last equality in line (4.7) follows from Equation (4.6), the equality in line (4.8) follows from
Lemma 3.2, and the equality in line (4.9) follows as'” (1, P{)({z € Q) : z(n7 o v) = 0.7 }) = 0. O

16Indeed if we order the elements of J as i1 < ... < i) then

+ [J]
T, o T2k+l(.’1)) _ (:uim( )(miﬁL - xim+k))7n:1 o 7T§ oT, ( )
J’ - - oLl < ’

T ow T
' AN R AR Ol M CaAR O RO

hence for E € B™(RI’!) we have T i, 0o Y% (z) € E <= 7% oT,(z) € E.

Thop
Ysince dim(AF(n'}s o)) > 2. See’ property (3) in Proposition 3.6.
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Lemma 4.3. Suppose i € (NA())‘)k is a vector of mutually singular measures and 0 € ©(\). Then
iS =
,{)\,9*/1 - KZ)‘#’"

Proof. 1t is sufficient to prove that if v € Z" is a vector of mutually singular measures for some m > 2,
then for every 6 € ©(\)

Moy = T8, (4.10)

)

Indeed, denote 7 = W?fﬁl%}, and given a vector of mutually singular measures p € (N Aé)k let A, :

R? — R¥ be given by A, (z) = (u (T)(x; — a:Hk))k - Then T}, = A, o, and for every and every t € RF

1=

AS)ous, ()= bys, (Th0) = 6,5, (Ti(t)) = (411)
(A0) =y (AL(D) =0y (Ti(0) = A(S)oys (8, (4.12)

K
At

S S
H’)\,Q,u, n/\,eu*

¢

s
IX,0(rj 0n*)

where the second equality in line (4.11) follows as Ty, = T, the last equality in line (4.11) and the second
equality in line (4.12) follow from Lemma 4.2, and the first equality in line (4.12) follows from Equation
(4.10).

We turn to prove Equation (4.10). Let m > 2, let f € HM™, and let v € Z" be a vector of
mutually singular measures. Choose a function g in the equivalence class of %. Let Sp+1 = Sma1(g) =
{s €T :g(s) =0}, and let vy,4+1 € NA be the measure whose Radon-Nykodim derivative w.r.t. A is the
extended function AT;ZE) For o € [0, 1] denote v = v + a - sign(A(Sm+1)) (¥m+1 — v1)e1. By combining

Theorem B.1 (in the Appendix) with Theorem 3.5 we obtain for every R € C and « € (0, 1]

J

where Q™ is the measure given by Equation (B.2). Choose a measurable partition Si, ..., Sy, of T\ Sp41

s.t. forevery 1 <¢<m ‘fj’;\i is supported on S;. For every 1 <i<m+ 1 and R € C with R C S; we thus

df (1, 2, v*(R))dQ™ () —/ df (1m,m(1/a), CZV:) dPfi(z), (4.13)

T Qx

obtain by combining Equation (4.13) with property (4) in Proposition 3.6

/S df (L, 2, €; mod m)dQu (T)V; mod m(R) = (4.14)

m
4

o dl/i mod m
[ (L) o) A2 P )
Qx
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Taking o — 0" in Equation (4.14) we obtain'® by the bounded convergence theorem D.2 (in the Appendix)

/S df(1m7zyei mod m)de(:U)Vz mod m(R) = (4.15)

m
4

0F (Lo, (), €1 mod o) d( 227200 pRY (1)

/ 22 (@((Vms 1) 1ot (Vs 1)) €D } dX

for every 1 <7 < m + 1 and every coalition R C 5.

By [14, Proposition 3.8], for every 1 < j < m the set of functions {df (1,,,-,¢;) : f € HM™} is dense in
C(ST \ {0,,}). Hence for every 1 <i < m + 1 and every coalition R C S; we obtain from Equation (4.15)

dvi mod m m
<Tdap)1\%> = Vi mod m(R)Q . (416)

By passing to the Radon-Nykodim derivatives in Equation (4.16) and recalling the definition of the partition
S1, ...y Sy Sm1 of T' we deduce that for every Borel set £ C S'7" we have for M-a.e. s €T

(1, P\ ){z € Qx: z(v) € E})(s) = Q™(E). (4.17)
Thus, integrating Equation (4.17) over S € C yields
(1, P{)({z € Q :2(v) € BY) = QM(E)A(S) (4.18)

for every Borel set £ C S'. Equation (4.10) now follows directly from the definition of the measure niy,

and the Lemma follows. O

Lemma 4.4. For every u € Z§ with dim(AF (u)) > 2 and every E € B(Sk)
A(S)Tk o "iiu—ﬁlk (E) - nf,u(E)
Proof. Denote & = ju — filg. For every Borel set E C Sk

A(S) Y 0 k3 ¢ (E) = YF o Te oy e (E) = (4.19)

(1, P ({x i€ Oyt TH o Ty((€)) € E}) — (1, P§) ({2 :€ Qs a(u) € E}) = 3 ,(E), (4.20)

where the equalities in line (4.19) follow by the definitions of the measures f-@f’& and ni u respectively, the
first equality in line (4.20) follows by combining the fact that for each x € Q0 with T¢(x(£*)) # 0 we have
TH o Te(x(£%)) = x(p) with the fact that'® (1, PY)({zx € Qy : Te(z(£*)) = Ox} = 0, and the last equality in
line (4.20) follows by the definition of the measure ni e O

¥ Notice that as m > 2 we have (1, P¥)Y({z : (2, Vm+1)1, -0 ©(Vs Umt1)m) € D™}) = 0 by property (2) in Proposition 3.6.
Also notice that by combining Lemma 3.3 with the continuity, for every 1 < i < m, of the function df(1m,-,e;) on ST, we
obtain df (1, z(v), €;) H+ df (1m,z(v),e;) for every 1 < i < m and z € Qx with (z(V, Um+1)1, -, TV, Vmt1)m) € D™.

a—0

9 As dim(AF(€*)) > 2 we have by Lemma 4.2 nf’g* ({z e R*™:V1 <i <k, 2i = zp4:}) = 0 and

hence (1, PY) ({z € Qx : Te(2(€7)) = 0}) = n5 e« ({2 € R V1 <i <k, 3 = 2144 }) = 0.
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The following Proposition summarizes the results of this subsection:

Proposition 4.5. For every S € C with A(S) > 0 and p € (NA())‘)k the probability measure Ei# induced

by restricting the probability measure Ii:\gu to (R¥, B™(RF)) satisfies the following conditions:

1. if u # Op then Eiu({ok}) =0 and if p = O then Eiu = 00, ;

2. VE € B"(R"), &5 (E) = &5 (- E);

3. VJ C{1,....k} with J # 0, giﬂ,}w =7k oﬁiw.
4. if p s a vector of mutually singular measures then for every 6 € O(\), Ei@u = Riu; and,

v

. if i € Z¥ then for every E € B(SK), A\(S)Y* o szﬂ*ﬁlk(E> = niu(E).

4.2 The proof of Theorem 2.2

By combining properties (1)-(3) in Proposition 4.5 with Lemma C.1 (in the Appendix) we deduce that for
every S € C with A(S) > 0 the set QF = {E:\q’” :dkeN, pe (NA())‘)k} induces a conical measure Q5 on

LY(\), and for every p € (NAS‘)k we have Qf o ™! = Eiu on (RF, B"(R¥)). By combining that with
property (4) in Proposition 4.5 and Proposition C.2 (in the Appendix), we deduce that the conical measure
Qf is unique, and for every u € (NAé)k we have Qf opt="7Tko @, where ), is the measure given by
Equation B.1. Therefore by property (5) in Proposition 4.5 we obtain for every S € C with A(S) > 0

775?,/1 = A(S)Qu-

Therefore for every Borel set £ C S]i we have for M-a.e. s €T

(1, P ({x € Oy 2() € EY)(s) = Qu(E): (4.21)

To prove Theorem 2.2 it is now sufficient to verify that if ¥ € PS(€&.,) then for every k > 2, every
compact and convex C' C A*, every p € (NAl)k with dim(AF(u)) > 2, every economy E € &, with
Core(E) = C - pand every S € C, ¥(E)(S) = Up(E)(S). We first consider compact and strictly convex
C. In this case
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w(B)S) = [ o (1000, %) RS (0) - (4.22)

/( | e (10500, 55 ) aPs(@) ) ()ar(s) = (4.23)

dpsi
Z [ (L e tasstie0 G0, o) ) (hares) = (424

Z/Sk (/ dfc (g, €;) Cﬁgj(S)d)\(s)> dQu(z) = /S’i dfe (g, 2, 1(S)) dQ,u(z) = Uar(E)(S),

where the first equality in line (4.22) follows from Theorem 3.5, the last equality in line (4.22) follows by
combining Equation (3.8) with property (4) in Proposition 3.6, the equality in line (4.23) follows as f¢
is continuously differentiable on R% \ D¥ and (1, P\)({z : #() = 0x}) = 0, and the equality in line (4.24)
follows from Fubini’s theorem. We thus also deduce that ¥ = ¥,;; on HM.

Let C C AF be compact and convex. Let ®,; the value derived from U,;. For each n > 1 choose a

compact and strictly convex C,, C AF s.t.20 fo — f pointwise. Then for every S € C
U(E)(S) = / dfc | g, () du dP2(z) < (4.25)
3 C ks ) dﬁ N = .
lim inf dfc, lk,x(u), dP7 (z) < liminf [ dfc, lk,m(u), dPg (z) = (4.26)
lim nf @(fc., o 1)(S) = linrg inf ®1(fc,, 0 1)(S) = ar(fe o u)(S) —wu(E)S),  (427)

where the first equality in line (4.25) follows by Theorem 3.5, the last inequality in line (4.25) follows from
[21, Theorem 24.5], the inequality in line (4.26) follows from Fatou’s lemma D.3 (in the Appendix), the first
equality in line (4.27) follows as ® = ®5; on HM, and the last equality in line (4.27) follows by combining
formula (B.3) (in the Appendix) with the fact that the measure @, is absolutely continuous w.r.t. the Haar
measure on S¥ and with the fact that by [21, Theorem 24.5] we have dfc, (1x, x, u(S)) — dfc (1, x, 1(S))
at every differentiability point = € S’i, i.e., almost everywhere. By the efficiency axiom we thus obtain for
every S € C

V(E)(S) = Y (E)(S),

and we are done.

20E.g., we may choose the sequence (C,,)>°_, to converge to C in the Hausdorff metric.

n=1
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A Proofs

Proof of Lemma 3.1. For z € Q with U(z(n)) & D™, choose a net (y?)

) C Y\ converging to x.
Notice that for any sufficiently large 8 € B, U(u(y®)) ¢ D™. Thus

BeB

v(U e p) = lm Y™ (U0 p)(y") = lm X" (U(uly”)) ~ U(EG") 21) ) = (A1)
i T (U uly”) (") 12)) = Hm X (U0 TH(u(y))) = (A.2)

™ (U (élené T*(u(y )))) = (X" o U) (z(n)),

where the second equality in line (A.1) follows from the fact that U(1y) = 1,, and the last equality in line
(A.2) follows by combining the continuity of T* on Sk \ {0y} with the assumption U(z(u)) & D™. O

Proof of Lemma 3.2. Let A, A: RFL — R* be given by A (z) = (1 — o) (1, ..., mg) + a(Tpt1 — 25)ey,
and A(x) = k—f_l(xl, oy Tg) F ﬁxkﬂlk. Let x € U,,.

18



If x € Q) satisfies (x(u))? ¢ D* then by Lemma 3.2 for every small enough o € (0,1) we have

w(u§) = (T4 0 A7) (a(w)) (A3)
and also
(750 A) ((u) = 2(4 0 p) (A.4)
Thus,
T o) 204t 45 000) ) = T (ol0)) = (A.5)
0 (o))~ GGfte) = T () + (i) 2 (A6)

— 2(Aop) = 2(),

where the first equality in line (A.5) follows by combining Equation (A.3) with the continuity of Y* outside
of D¥, and the last equality in line (A.6) follows from Equation (A.4). O

Proof of Lemma 3.4. Set Q = EM in [18, Theorem 2.6/, and let 5//\\/1>\ be generated by pairs (f, p)
with f € EMJ]ﬁ and p € Zf for some k > 2. Let {ﬁA}/\ Al be the representing measures of ¥ w.r.t.
€

Dm, whose existence is proved in [13, Theorem 2.6]. For x € [] RFW define Y(z) = (Tk(“) (z))

» HEZLT

HEZY
Choosing Py = Y o Py for every A\ € NA! and recalling Equation (3.3) proves Equation (3.7). Equation
(3.8) follows by combining [13, Theorem 2.1] with [13, Equation (2.2)]. O

B The Mertens Value on EM

The construction of the Mertens value W, for market games is carried out in details in [19]. Here we
briefly describe the form of the Mertens value on EM.

The Cauchy distribution with parameter a > 0 is the distribution on R with density W If X

and Y are independent Cauchy random variables with parameters a and ( respectively and a,b € R s.t.
a? + b% # 0 then aX + bY is a Cauchy random variable with parameter |a|a + |b|3. The characteristic
function of the Cauchy distribution with parameter « is ¢(t) = exp(—a|t|).

k
Recall that given a vector measure u € (N Al)k we defined o = % S pi. The p semi-norm of y € R is
i=1
given by

k
loll = [ 13/l
=1

By [20, Lemma 1] the function ¢, : R¥ — R given by ¢, (y) = exp(— [yll,,) is the characteristic function
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of a probability measure P, on AF(p) - the affine space generated by R(p). By [20, Lemma 1], P, is

absolutely continuous w.r.t. the Lebesgue measure on AF(u), and its density £, is a Co(R*) function.

Recall that for every k > 1 and z € R* we denote?® Y*(z) = =2 and Sk = {Y*(z):2 € RF}.

I E T P

Given p € (N Al)k and the measure P, on R*. define a the probability measure Q, on Sli by
Qu="FoP, (B.1)

If pe (N Al)k is a vector of mutually singular measures then the measure @), is independent of the specific

choice of the vector measure p, and we shall denote

Qu= Q" (B.2)

The Mertens value on EM can now be given using a simple formula: If f € EM*, u € (N Al)k, and
S € C then (See Mertens [19])

Ba(fon)(S) = [ (L, n($)dQu0) (B.3)

For any economy FE € &, thereis k > 2, C' C R’i, and p € (NAl)k with Core(F) = C - p. In this case
fc e EM _]f_ and the Mertens value of the economy E is given by

Upi(E) = Bar(for o ). (B.4)

Denote by EMp the space of games generated by the games f o p with f € EM* and p € (NAl)k for
some k > 2 s.t. u is a vector of mutually singular measures. A close examination of the proof of the main

result in Haimanko [14] leads to the following Theorem:

Theorem B.1. If ® is a value on EM then its restriction to EMp is the Mertens value.

Proof. Here explain how the Theorem follows from the proof of the main result in Haimanko [14]. Let ®
be a value on EMp. As in [14, Remark 4], it follows from the anonymity axiom that if f € EM* and

uwe (N Al)k is a vector of mutually singular measures then

U(fop)=cl(fm,

where the coefficients c}(f), ..., c¥(f) are independent, for every k > 2, from the specific choice of the vector

measure y. Define, as in [14, Equation (20)], g(f) : S% \ {05} — R¥ by

g(f)i(z) = df (g, z, ;)

. 0
21We use the convention 7’“ = 0.

20



for every 1 <i < k. Let V.= {g(f): f € EM"}, and for g € V let f(g) € EM" be the unique element s.t.
9(f(g9)) = g. Define for every g € V and 1 <i <k

W (g) = cF(f(9)).

Following the same reasoning that follows [14, Equation (21)], we deduce that ¥ is a positive projection
and thus there is a positive linear functional on B(S¥ \ {0}) that we shall denote by @f st. YF(g) = @f (gi)
for every g € V. By the Riesz representation theorem we have for every g € C(Sk \ {0x})

Drg) = z)d\f (),
7 (g) /g oy D)

where \F is a Borel probability measure on Sk \ {0j}. Thus, for every f € HM" we obtain in the same

manner as in [14, Equation (24)]

k

T(g) = / 0f (Lo, 2, ) dNE (2). (B.5)
Sk \{0x}

Notice that the proofs of [14, Lemma 3.5], [14, Corollary 3.9], [14, Remark 7], and [14, Lemmata 3.10-3.13]
remain valid. Thus it follows from [14, Lemma 3.14] that \¥ = Q*. Since QF is absolutely continuous with
respect to the Haar measure on S’j_ \ {0;}, and for every f € EMP the function g(f) is a.e. continuous on
Sk, then by [14, Lemma 3.5] Equation (B.5) holds for every f € EM¥, and we are done. O

C Conical Measures on L!()\)

For every k > 1 we denote by B°"(R¥) the o-algebra generated by open cones C' C R* based at 0. For
every A € NA! denote NA) = {u ENA: u(T)=0,ul <A, fil—’/\‘ € LOO()\)}. A conical measure Q on L'())
is a finitely additive measure on conical sets?? of L!()\) s.t. for every u € (N Aé)k the measure @, = Qop!
on B"(R¥) induces a countably additive measure on k-dimensional projective space. Recall that for every
k> 1, every € R*, and every nonempty J C {1,...,k} we denote by 77?}(:0) e RV the projection of x on

the set of indices J.

Lemma C.1. Let Q = {Q, € M (R* B (RF)) : k> 1, € (NA) " be a set of probability measures s.t.
o 0

1. for every k > 1 and nonzero ju € (NA()\)k the measure @), is invariant under reflections and
QM({Ok}) = 0; and

2. for every k> 1, every u € (NA())‘)k, and every nonempty J C {1,...,k} we have QW§°M = 7r§ °Qu-

For every basic conical set E(u, A) = p~*(A) (where pu € (NAé‘)k and A € B (RF)) let Q(E(u, A)) =

Qu(A). Then Q induces a conical measure on L'()).

?21e., cylinder sets C s.t. x € C,a,b € R =>a+ by € C.
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Proof. The algebra of conical sets is generated by U { (u, A) - p € (NA)‘)k A€ BCO”(Rk)}. Thus in
order to prove that ) induces a finitely additive measure on the algebra of conical sets it is sufficient to
prove the consistency of @, i.e., if E(u, A) = E(v, B) for p € (NAS) , (NAS) , A € B"(RF), and
B € B“"(R?) then Q(FE(u, A)) = Q(E(v, B)). Notice that

E(u,A) = E((n,v), A x R")) = E((u,v), A x B) = E((u,v),R¥ x B) = E(v, B). (C.1)

Thus
QUE(, A)) = QulA) = (7hiy 10y © Quuny) (A) = Quuy(A X RY) = (C2)
Q) (A% B) = Quuuy (R x B) = (7" 3 0 Q) (B) = Qu(B) = QE(w, B)),  (C.3)

where the first equality in line (C.2) and third equality in line (C.3) follow from condition (2) of the Lemma
and the last equality in line (C.2) and the first equality in line (C.3) follow from Equation (C.1). Thus the
consistency of @ follows. By the definition of @ it follows that Q o u=™! = @, on B (R*) is countably
additive for every k > 1 and p € (N A(})k, and by property (1) it follows that Q o u~! induces a measure

on k-dimensional projective space. Therefore () is conical measure on L'()). O

Proposition C.2. There is a unique conical measure Q on L'()\) s.t. for every vector of mutually singular

measures ji € (NA())‘)k and every 6§ € O(\)

Qop' =Qo ()"

Furthermore, for every u € Z’j we have

Qo(n—n1y) ' =T"0Q,,
where Q,, 1s the Borel probability measure on Slj_ given by Equation (B.3).

Proof. Choose a sequence (), C Z/{ of mutually singular measures. Notice that for i # j, v; —v; #0

with probability one, otherwise it would not induce a distribution on the zero-dimensional projective space.

For n > 4 we may thus consider the sequence (fy),-, of random variables given by f,(x) = %
For any permutation 7 on the integers that fixes n = 1,2, 3, there is an automorphism 6, € O()\) s.t.

Onfrn)ey = ( f,r(n))zo: .- As @ Is a conical measure, we deduce by Kolmogorov’s extension theorem that

o0

there is a unique probability distribution P = P,, ,, ... on the Borel sets of [] R that extends the distri-
n=1

bution of the finite sequences fy, ..., f, for every n > 4. Notice that we have also proved that the sequence

(fn)or, is finitely exchangeable, hence by de-Finneti’s theorem (fy,),., is, conditionally on the o-algebra
of tail events Fo, independent and identically distributed (i.i.d.), with some distribution F. Notice that,

by exchangeability, for any two different sequences (v,,)2 , (V))oe; C Z3 of mutually singular measures

n=1>
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with v; = v/} for i = 1,2,3, we have?3 P vs,.. = PI/i,l/é,...? hence P = P,, ,, ,,. Thus for a.e. (hence every)
a € [0,1] the sequence (fu, ..., (1 — @) fr + @ fr+1,...) has the same distribution as (fy),—,. It follows that
for every «a € [0, 1], conditionally on F,, the random variables (1 — «)fs + (1 — @) f5, f1, and f5 have the
same distribution, and as fy, f5 are i.i.d. they have a stable distribution of index 1. Hence, conditionally

on Foo, (fn)pey is distributed as (m + oU,),~, with m,o measurable w.r.t. Fo and (U,),-, are ii.d.

Cauchy distributions. Notice that o # 0 with probability 1 (otherwise vy = v5 = ... = v, for any k > 4

with some positive probability, a contradiction). Thus, conditionally on Fi, ;Z:}Cg = % for any n > 7.
o [o.¢]

Hence the sequence (%) : is distributed as (LU]2:5§> , proving that P,, .. ., is independent of the
n= n=

choice of vy, 15,16, and therefore for every choice of vq,1v9,v3 we have P, ., ., = P for some constant
distribution P.

Any conical set is determined by the ratios of such a finite sequence - where the v;’s are not necessarily

mutually singular - but can be taken as linearly independent. Thus we need the distribution of (%)?:1,

with v1,...,un, v € NAY, s.t. the measures vy, ...,v, are linearly independent, and v may be chosen as

mutually singular of vy, ...,v,. These distributions are completely determined, via Fourier transforms, by
n

the distribution of all the linear combinations ) ;%% with ¢1,...,#, € R. Thus we need only to determine
i=1

the distribution of % with pu,v € N Aé‘ mutually singular and non-zero. But this is uniquely determined?*

by the distribution of % where 1, o, V1,19 € Z/{ are mutually singular. O

D Rudiments of Functional Analysis

Here we give some functional analysis background that is essential for the understanding of the statement

and proof of some of our results. For further reading, one is advised to use the references.

D.1 Banach Lattices

A Banach lattice Z is a Banach space that is also a lattice, whose lattice structure is commensurable with
its Banach space topology, i.e., if 0 < z < y then ||z|| < |ly||. A Banach lattice Z is a K-space if it is order
complete, i.e., if every nonempty and bounded from above (below) set A C Z has a least (greatest) upper

(lower) bound.

Example: For every 1 < p < oo, every standard measure space (I,C), and every A € NA' the space
LP()\) is a K-space. In fact, if X is a Banach lattice then X* with its positive cone

Xi={z"eX": Vo e X ,2"(x) >0}

is a K-space (see [5, p. 162]), and hence every reflexive Banach lattice is a K-space.

*3Choose a third sequence (v,)°” | C Z}, s.t. the arrangement of (1,,)°°, and (1), into a sequence (p,,)°, , and the
/o0 11\ 0 . 1\ . ey
arrangement of (v,),~ ; and (vy,),_; into a sequence (i), ; form sequences of mutually singular measures. By exchangeability

we deduce Py, u,,.... = P = Puys,... = Py

..... T
24taking the Jordan decompositions of j, v.

4 .
B2
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D.2 Vector Measures

A function F from an algebra § of subsets of a set {2 to a Banach space Z is called finitely additive vector
measure or simply a vector measure iff whenever Ey, Fy € § are disjoint then F'(EyUFEy) = F(E,)+ F(Es).
If, in addition, F (J,~, En) = >_p; F(Ey) in the norm topology of Z for all sequences (Ey,),~; of pairwise
disjoint members of § s.t. |J;7, E, € § then F is termed a countably additive vector measure or simply

countably additive.

The strong variation of F is the function ||F|| : § — R defined by

1FI(E) = sup Y [ F(A)],

T Aenm

where the supremum is taken over all finite partitions of F into disjoint members of §. One may easily check
that ||F|| is a monotonic finitely additive measure. A measure F is of bounded variation if ||F|| () < oco.

Furthermore,
Proposition D.1. [7, Proposition 1.1.9] A vector measure of bounded variation is countably additive iff

its variation is also countably additive.

D.3 Operator Valued Integration

Let F' be a vector measure on an algebra § of subsets of {2 with values in the Banach space L(Y, Z) of
bounded linear operators from Y to Z, where Y, Z are Banach lattices. Denote by Sq 5(Y") the set of simple
functions on ) w.r.t. § taking values in Y, i.e. the set of functions of the form Z?:l a;XE; where E; € §
and a; € Y for every 1 < i < n. The (Bartle) integral of the simple function f = >"" , a;xp, w.rt. F is
given by

[ P =3~ P(E) @)
=1

A measurable function f : Q — Y is strongly F-integrable, or integrable for short, iff for every increasing

sequence (fn)oo, of simple functions f, : @ — Y with f, — f pointwise [|F|-a.c., the limit v(E) =
n—oo

lim [ f,xpdF exists in the strong topology of Z for every E € § and is independent of the choice of

n—oo

(fn)p—y- In that case we denote

fdF = lim / fodF.
/Ev n—oo E

The following theorem is a version of the well-known Bartle bounded convergence theorem:

Theorem D.2 (Bartle Bounded Convergence Theorem). Let (f,),-; be a uniformly bounded sequence of

integrable functions f, : @ — Y, and suppose that F above is countably additive of bounded variation. If
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(fn) converges ||F||-a.e. to f then f is integrable and
nh_{go/f”dF:/de
in the strong topology of Z.

Proof. By Egorof-Lusin’s theorem [8, p. 520] for every € > 0 there is a measurable subset E = E(¢) C Q
s.t. [[F(E°)| < € and (f,,) converges uniformly to f on E. Let C' > 0 be s.t. sup || fn(z)]] < C for every
€N

n € N. Note that
Hénﬂﬂgmwwm

for every E € §, where || F|| denotes the variation of F. Let N € N be s.t. for every m,n > N and every
x € E, || fm(z) — fu(z)|| < €. Then for every m,n > N we have

o f ]| ]

c|[Fll (E) +2C |[F (E).

[ = ar <

As F is countably additive of finite variation we have || F|| (E(e)¢) — 0 as € — 0™, hence

m,n—00

lim H/fmdF—/fndFH =0, (D.1)

proving that the integrals form a Cauchy sequence in Z and hence convergence in its strong topology. As
for every sequence of increasing functions (g,),-; converging pointwise to f and e > 0 there is measurable
subset £ and N € N s.t. |fn(x) — gn(x)| < € for every x € E and n > N, and as ||gn(2)| < ||f(z)|| < C for
every x, we deduce in a similar manner that nh_)n(r)lo [ fndF = nh_)ngo [ gndF, hence f is integrable, and the

rest of the theorem now easily follows. O

We also prove the following version of Fatou’s Lemma

Lemma D.3. SupposeY is a K-space. Let (f,)r-; be a uniformly bounded sequence of integrable functions
fn: Q = Y. Suppose that the vector measure F' is positive, countably additive of finite variation, and
Z =R. Then

liminf/fndF > /liminf fndF.
n—oo

n—oo

Proof. Denote h,, = ’gf fnand h = lirg inf f,,. Then (hy,),-; is uniformly bounded sequence of integrable
zn n—oo
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functions and h,, — h pointwise, hence h is integrable. Thus
n—oo

Vn > 1, /an(w)dF(w) > /th(w)dF(w) = /Qh(w)dF(w) + /Q(hn — h)(w)dF(w) = (D.2)
lim n /Q Fu(w)dF(w) > /Q h(w)dF (w), (D.3)

where the first inequality in line (D.2) follows by the positivity of F' and line (D.3) follows from line (D.2)
as by the bounded convergence theorem D.2 [, (hy, — h)(w)dF(w) — 0. O
n—oo

D.4 Representation of Bounded Linear Operators

Let Z, Y be Banach spaces, {2 a compact and Hausdorff space. If G is a measure on the Borel o-algebra
Bq of Q taking values in £(Y, Z**) then for every z* € Z* we define the measure G, : Bq — Y™* by
G.+(A)(y) = (G(A)(y), z*) where (-,-) is the usual pairing. The semi-variation |G|(E) of G on E € Bq is
given by [G|(E) = sup{||G.+|| (E) : |[z"]| < 1}.

Let T : C(2,Y) — Z be a bounded linear operator. The following theorem, due to Dinculeanu and

Singer, is a fortification of the Riesz representation theorem:

Theorem D.4 (Dinculeanu-Singer). [7, p. 182] There exists a unique finitely additive measure G of
bounded semi-variation (i.e.- |G|(Q) < o0), defined on Bq with values in L(Y, Z**) s.t. T(f) = [ f(w)dG(w)

and,
(i) G+ is a regular and countably additive Borel measure for each z* € Z*;
(i3) the mapping z* — G« of Z* into® C(Q,Y)* is weak® to weak* continuous;
(i) (T(f),2*) = [q f(w)dG«(w), for every f € C(,Y) and every z* € Z*.
Remark D.5. Notice that if T is positive then its representing measure G is also positive. Indeed, for every

E € Bq choose a sequence of continuous functions (fy)--; C C'(£,]0,1]) with f,, — x g pointwise. Thus
n—oo

for every two positive elements y € Y and z* € Z* we have

(G(E)(y),2") = lim [ (fu(w)y)dG.-(w) = lim (T'(fny),2z") =0, (D.4)

n—oo 0 n—oo
where the first equality in line (D.4) follows by combining property (i) of Theorem D.4 with the bounded
convergence theorem D.2 and the last inequality in that line follows from the positivity of 7. Hence

G(E) : Y — Z** is a positive operator for every E € Bq.

2This space isomorphic to the space of regular countably additive vector measures of bounded variation on Bq taking values
inY™.

26



