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Abstract
We analyze the nature of optimal contracts in a dynamic model of repeated (and persistent)
adverse selection and moral hazard. In particular we consider the case of surgeons who diagnose
patients and then decide whether to perform an operation, and if so, whether to exert a costly
but unobservable eﬀort. The probability of a successful operation is a function of the surgeon’s
eﬀort, his quality, and the severity of the patient’s problem, all of which are the surgeon’s private
information.
The principal observes only the history of successes and failures and is allowed to promise
financial rewards as a function of the observed history. His goal is to provide incentives at
minimum cost so that if the patient needs minor surgery he will be treated by any type of
surgeon (low- or high-quality) but if he needs major surgery, only a high-quality surgeon will
perform the operation.
The optimal contract-pair is characterized and is shown to reflect the practice often observed
in the medical industry. Performing an operation is a gamble whose probability of success is
higher, the higher the quality of the surgeon. A sequence of operations is exponentially less
likely to be successful if the surgeon is not high-quality. An optimal contract for a high-quality
surgeon exploits this fact by stipulating a high reward conditional on a long history of successes,
while such a stipulation makes the contract much less attractive to a low-quality surgeon.
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Introduction
In the market for the provision of medical treatments patients have good reasons to worry about

two basic problems: (i) receiving treatment they do not need in the first place, and (ii) receiving
the treatment they need, but from wrong provider. These features are shared by many markets
(see Dulleck and Kerschbamer (2006) for an extensive survey of the literature on credence goods),
but here we are primarily interested in the medical industry where doctors are better informed
than patients (or health care authorities) about the patient’s diagnosis as well as about their own
fitness to provide the needed treatment.
The recent controversy over the health care report-card system illustrates the type of inbcentives
problems that sometimes arise in the medical industry (see Dranov et al. 2003). This system
entails a public disclosure of patient health outcomes at the level of the individual physician.
Many private insurers use this information and supporters argue that the system gives providers
powerful incentives to improve quality. Skeptics counter that report cards may encourage providers
to “game” the system by avoiding sick patients, seeking healthy patients, or both.
In this paper we consider the problem faced by a principal, namely a health care insurer or
public oﬃcial, who employs surgeons, whose quality he does not observe, to treat a flow of patients,
the severity of whose problem is also the surgeon’s private information. Our principal problem,
then, is to design a system of contracts that guarantee that surgeries are performed, and eﬀort is
exerted, if and only if the surgeon’s quality matches the severity of the patient’s problem. This
problem is very much like the one suggested in Fong (2009), but diﬀers in two important aspects:
the first and more substantive diﬀerence is that unlike Fong, we allow the designer to use money
to help create the right incentives for surgeons; the second, more technical diﬀerence is that while
Fong analyzed the problem using a continuous-time game we study a finite-horizon discrete-time
game.1 These diﬀerences alter the nature of the optimal contracts.
While the use of money is natural in many markets, one may be tempted to believe (as indeed
Fong suggests) that when it comes to medical treatment money does not play an important role in
providing incentives. Empirical studies, however, do not support this view.2 For example, Gruber
1

A third diﬀerence is that in our model the decision to perform an operation is observable but the eﬀorts are unobservable, while in Fong’s model eﬀort is not a choice variable and the choice to perform an operation is unobsevable.
2
On the other hand, the principal might find the use of money problematic for either moral or practical reasons.
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et al. (1999) empirically show that the frequencies of cesarean deliveries compared to normal child
births react positively to fee diﬀerentials of health insurance programs. Along the same line, Hughes
and Yule (1992) document that the number of cervical cytology treatments is correlated with the fee
for this treatment. Indeed, not only do surgeons react to financial incentives, but they may overreact
in a way that is not in the patient’s best interest. Emons (1997) cites a Swiss study reporting that
the average person’s probability of receiving one of seven major surgical interventions is one third
above that of a physician or a member of a physician’s family, and Wolinsky (1993, 1995) refers to a
study by the Federal Trade Commission that documents the tendency of optometrists to prescribe
unnecessary treatment.
The recent call from the Institute of Medicine for government payers to increase payments to
health care providers who deliver high-quality care is one of several signs that, contrary to what is
often assumed in the literature, medical practitioners share a strong feeling that moral hazard is
an important problem in the industry and unless incentives to exert eﬀort are provided, one should
expect under-investment even in the provision of medical treatment.
This paper is a first step toward a better understanding of the nature of optimal contracts in
the medical industry. In our model, surgeons sign contracts for T periods, and afterward in every
period t ∈ {1, 2, ..., T }, they see one patient and decide whether to perform an operation, and if
so, whether to exert a costly and unobservable eﬀort. The probability of a successful operation in
period t is monotonic in the surgeon’s eﬀort at t, but it is also a function of the surgeon’s quality as
well as of the severity of the problem of the patient who showed up in period t. While the quality of
the surgeon is determined once and for all at t = 0, the type of the patient is drawn independently
each period, and both the surgeon’s quality and the types of the patients are the surgeon’s private
information.
Depending on the quality of the surgeon and the severity of the patient’s problem, a diﬀerent
treatment is desired by the principal. If the patient needs minor surgery it should be performed by
all type of surgeon (low- or high-quality), but if he needs major surgery it should be performed only
if the surgeon is a high-quality one. The principal presents the surgeon with a menu of contracts
that promise financial rewards as a function of the observed history of operations, i.e., whether
operations were performed and if so, whether they were successful. Conditional on the contracts
providing the right incentives, the principal’s secondary goal is to minimize payments.
2

Thus, this is a dynamic model of repeated (and persistent) adverse selection and moral hazard
problems. Moral hazard may arise since surgeons’ eﬀort is unobservable and adverse selection is a
consequence of the superior information the surgeon has both about his own competence and the
severity of the patient’s problem.
With this rather stylized model we characterize the optimal contract-pair which largely resembles the practice often observed in the medical industry. Performing an operation is a gamble whose
probability of success is higher, the higher the quality of the surgeon. A sequence of operations
is exponentially less likely to be successful for a low-quality surgeon. An optimal contract for a
high-quality surgeon takes advantage of this fact and stipulates a high reward conditional on a long
history of successes, while such a contract would be much less attractive to a low-quality surgeon.
This observation is very much in line with common practice in the medical profession, where a high
discontinuous increase in salary in the form of a promotion is promised only after a long history
of successes. This practice helps weed out those surgeons whose private information suggests that
they are low-quality and hence have a low probability of being promoted. They will opt out in
order to avoid the inferior pay and work conditions that obtain before promotion.3
The remainder of the paper is organized as follows. Section 2 is a brief survey of the literature.
We present the basic setup in Section 3. In Section 4 we define the notion of an admissible contract
as one that provides incentives for surgeons to perform surgery and exert eﬀort, only if their quality
matches the patient’s problems. The optimal contract-pair is characterized in Section 5 and most
of the proofs are relegated to the Appendix.

2

Related Literature
The literature on the dynamic agency problem can be roughly divided into two groups according

to how time is treated in the model: continuous- versus discrete-time models. Although studying
similar economics problems, the two groups have little in common when it comes to the theory
employed. While our paper belongs to the second group to which most of this section is devoted to,
we shall start with a model by Fong (2009) which, although in continuous time, is very much like
ours in spirit and motivation. In Fong’s model the pricipal’s objectives are the same as those of the
3

The promotion system in academia is another case where, instead of using a linear compensation system, promotion is guaranteed only after a series of successful publications.
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principal in the model studied here, but Fong does not allow for the use of money as an instrument
in the contracts. It follows that the only available tool for providing incentives is the flow rate of
patients and Fong’s first result is that there is no need to consider complicated contracts because
an optimal policy takes the form of a stopping rule that specifies if and when to permanently fire
a surgeon. The main result is a characterization of the optimal contract-pair that takes the form
of scoring rules in which the surgeon’s past performance is summarized by a single score and the
surgeon is fired if his score falls below a threshold, and is tenured if his score climbs above some
other threshold. Contracts for surgeons of diﬀerent quality levels are diﬀerent in their sensitivity
to successes and failures. Fong’s work can be viewed as a rationalization (and refinement) of the
report card system.
Discrete-time models evolved gradually from dynamic models of moral hazard only to models
in which moral hazard as well as adverse selection problems are present, and from models in which
only short-term contracts are oﬀered to those in which the principal can commit to a long-term
contract. In an attempt to describe the development along these lines of research we list below
only a small sample of these papers, and no attempt is made to provide an exhaustive survey of a
very productive field.
One of the first papers on dynamic agency is Rubinstein and Yaari (1983) who considered an
infinitely repeated moral hazard problem and demonstrated the existence of a strategy for the
principal that yields the first best in an environment in which the principal cannot commit to
a strategy that governs the relation. Note however that the infinitely repeated aspect of their
problem is crucial in deriving their result, which indeed falls within the realm of the theory of
repeated games. In a pioneering paper on career concern and reputation, Holstrom (1982) studied
the provision of incentives to exert eﬀort when the agent’s ability is unobserved in finitely repeated
interactions without output-contingent multi-period contracts.
An important contribution is Holmstrom and Milgrom (1987), who studied a finitely (as well
as a continuous-time) repeated moral hazard problem, but, unlike the Rubinstein-Yaari model,
and along the lines we are pursuing in our paper, the principal in their model can commit to
a long-term strategy that governs the relations in all periods. That is, the principal pays the
agent at the end of the last period based on the entire observable history. It is shown that the
optimal compensation scheme is a simple linear function of observable events. Similarly, Malcomson
4

and Spinnewyn (1988), Rey and Salanie (1990), and Fudenberg, Holmstrom, and Milgrom (1990)
studied the question of when the long-term optimal contract can be replicated by a sequence of
short-term (spot) contracts.
Laﬀont and Tirole (1988) explored a dynamic two-period model of moral hazard and adverse
selection and identified the rachet eﬀect that occurs whenever the principal is constrained to oﬀer
a short-term contract. That is, the equilibrium is characterized by much pooling in the first period
as agents internalize the cost involved in revealing their type. Baron and Besanko’s (1984) model
of moral hazard and adverse selection is one in which the principal can commit to a long-term
strategy but the moral hazard problem is not dynamic. In particular, they study the case of a
regulated monopoly that first invests in R&D and then, in future periods, observes privately its
marginal cost, which depends stochastically on the level of investment in R&D in period zero. Thus,
their model is a one-shot moral hazard problem followed by a multi-period incentive scheme under
adverse selection.
Our model incorporates all the incentives problems mentioned above. First, it is a dynamic
moral-hazard problem, as the surgeon’s choice of eﬀort in any given period is unobservable. Furthermore, there are also two types of adverse selection problems to overcome: a persistence adverse
selection problem due to the unobservability of the surgeon’s quality as determined in period zero,
and a dynamic adverse selection since the type of patient, which is diﬀerent in every period, is
observable only by the surgeon.

3

The Model
Basic set-up
Consider a surgeon who is employed by a principal for T periods. In every period t ∈ {1, 2, ..., T },

the surgeon sees one patient and has to decide whether to perform a surgery and if so whether to
exert a costly eﬀort C ∈ {0, c}. While the probability of a successful operation in period t is positive
only if C = c, it is also a function of the surgeon’s quality denoted by s, as well as the severity
of the problem of the patient who shows up at t, which is denoted by pt and is referred to as the
patient’s “type” at t.
Surgeons are of two quality levels: high and low, denoted by s ∈ {h, l}, respectively. Conditional
5

on exerting eﬀort c, a surgeon of type h has a higher probability of a successful operation on a given
patient. Similarly, the arriving patient in period t has either a minor or major problem (pt ∈ {e, d},
respectively), and conditional on the surgeon’s quality, the chances of a successful operation are
higher when the patient’s problem is minor. We assume that for all t ∈ {1, 2, ..., T }, the patient’s
type pt ∈ {e, d} is independently drawn and the probability of an arrival of type d is q and type e
is (1 − q). Finally, the quality of the surgeon is his private information and the patient’s type pt is
revealed only at t and only to the surgeon.
Technology
The probability Π : {0, c} × {l, h} × {e, d} → [0, 1] that a surgery will be successful is given by
⎧
⎪
0
⎪
⎪
⎪
⎪
⎪
⎪
⎪
π(h,e)
⎪
⎪
⎨
Π(C, s, pt ) =
π(h,d)
⎪
⎪
⎪
⎪
⎪
⎪
π(l,e)
⎪
⎪
⎪
⎪
⎩
π(l,d)

if

(C, s, pt ) = (0, s, pt )

if

(C, s, pt ) = (c, h, e)

if

(C, s, pt ) = (c, h, d)

if

(C, s, pt ) = (c, l, e)

if

(C, s, pt ) = (c, l, d)

where for s ∈ {h, l} and pt ∈ {e, d} we have
(i)

0 < π(s,

pt )

<1

(ii) π(h,e) > π(h,d) and π(l,e) > π(l,d)
(iii) π(h,e) > π(l,e) and π(h,d) > π(l,d) .

Thus, conditional on exerting eﬀort c, the surgeon’s probability of success is higher if he is of
high quality, for any type of patient; and is higher when the patient’s problem is minor, for any
type of surgeon. The analysis reveals that the nature of the optimal contract depends on whether
π(l,e) > π(h,d) or π(h,d) > π(l,e) . The bulk of the paper is devoted to the more interesting case
π(l,e) ≥ π(h,d) , while the treatment of the other case, being very similar, is provided in the Appendix.
Preferences
The surgeon’s VNM utility is a function of eﬀorts and payments only. In particular, the utility
of a surgeon who exerts eﬀort in k periods and receives a total payment of m is m − ck. Thus,
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the surgeon is assumed to be risk-neutral and to maximize expected payment minus costs. The
outside option generates a stream of utilities, which, for simplicity, are normalized to zero per
period. Consequently, due to limited liability, negative payments are ruled out.
The principal
The surgeon here is employed by a principal, say, the health authority. If the surgeon’s quality is
low, i.e., s = l, the principal would like him to operate and exert eﬀort only if the patient’s problem
is minor, pt = e, and otherwise not to operate on him. If, however, the surgeon is a high-quality
one, s = h, then the principal would like him to exert eﬀort on all types of patients. One possible
scenario, leading to these preferences, is the existence of an alternative treatment whose probability
of success is higher only when the patient’s problem is major, and the surgeon’s quality is low.
Conditional on the surgeon providing the right treatment, the principal’s objective is to minimize
expected payment. Thus, the principal’s preferences are lexicographic. First and foremost, he is
interested in providing incentives to the surgeon to perform an operation and to exert eﬀort only
when desirable. As there are many mechanisms that lead to these incentives, the principal is
interested in the one that minimizes expected payment.4
The principal can fully commit at time t = 0 to any observable history-dependent contract,
governing the surgeon’s payments. Because the eﬀort C, the surgeon’s quality s, and the types of
the patients pt , for t ∈ {1, ..., T }, are not observable by the principal, the only information available
to the principal at t is a specification, for every t0 ≤ t, as to whether an operation was conducted,
and if so whether it was successful or not.

4

Contracts
Recall that in our setup the principal, in every period t, observes one of three possible outcomes:

(i) successful operation, (ii) no operation, and (iii) failed operation, which we denote by {1, 0, −1}
respectively. A contract thus, specifies for every t ∈ {1, ..., T } the payment to the surgeon as a
function of the observable history up to (and including) t which is a sequence of t elements from
Ψ = {1, 0, −1} and is denoted by ωt where Ωt denotes the set of all possible histories from time
4

We assume for simplicity that both the principal and the surgeon do not discount the future. The result are
qualitatively the same if we assume that they discount future payment at the same rate. To keep the model tractable,
we do not assume diﬀerent time preferences.
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Figure 1: Two-period Contract

zero to t.5 Without loss of generality we can assume that all payments are postponed to the last
period, T , and define a contract as follows.
Definition 1. A T -periods contract is a mapping τT : ΩT → R+ specifying the payment to the
surgeon as a function of the observed history ωT ∈ ΩT .
As is typically the case in solving problems of adverse selection, the principal oﬀers a menu of
contracts, from which the surgeon chooses the one that is best for him given his quality. Without
loss of generality, we can restrict our attention to a mechanism where only two contracts are oﬀered
by the principal: τTh to the high-quality surgeon and τTl to the low-quality one.
A two-period contract for a surgeon of type s ∈ {h, l} is depicted below. Note that for every
history ωt ∈ Ωt we associate a subgame subωt that contains all possible observable histories following
ωt 6 .

Definition 2. Admissible Contract-pair: A pair of contracts (τTh , τTl ) is called admissible if it
satisfies incentive compatibility (IC), individual rationality (IR), and eﬃciency (EF) where:
IC — a surgeon of quality h prefers the contract τTh to τTl , while the opposite holds for a surgeon
of quality l.
5
6

Following convention, we let ∅ denotes the history in period zero.
The notion of subgame here, although obvious, is not exactly the one used in game theory.
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IR — the contract τTs yields a non-negative expected payoﬀ to a surgeon of quality s ∈ {h, l}
starting after every history ωt ∈ Ωt and for all t ∈ {1, 2, ..., T }.
EF — for all t ∈ {1, 2, ..., T }, a surgeon of quality h prefers to conduct an operation and exert
eﬀort on all types of patients, while a surgeon of quality l prefers to conduct an operation and exert
eﬀort only if at t the patient is of type e.
Remark 1. If (τTh , τTl ) is admissible then τTh must entail conducting an operation in every period
along the equilibrium path. It follows that if τTh (ωT0 ) > 0 for some ωT0 containing an outcome of zero
(no operation), then there exists another contract τ̃Th in which τ̃Th (ωT0 ) = 0 and τ̃Th (ωT ) = τTh (ωT )
¡
¢
for all ωT 6= ωT0 such that the new pair τ̃Th , τTl is admissible and yields, in equilibrium, the
same expected payment to the principal. Thus, without loss of generality, we hereafter restrict our

attention to contracts for the high-quality surgeon that pay zero whenever the history contains an
outcome of zero. That is, if (τTh , τTl ) is admissible, then τTh (ωT0 ) = 0 whenever {0} ∈ ωT0 .
Remark 2. Note that if at some t and ωt the contract provides the surgeon with incentives to
exert eﬀort on a given patient’s type, then the surgeon will exert eﬀort whenever the arriving type
has a higher success probability. It follows that a contract pair (τTh , τTl ) satisfies EF if τTh provides
the high-quality surgeon with adequate incentives to exert eﬀort whenever a patient with a major
problem arrives (i.e., pt = d), while τTl provides the low-quality surgeon with incentives to exert
eﬀort only if the patient’s problem is minor.
Remark 3. Since the surgeon can always refrain from operating, and since all payments are nonnegative, all contracts satisfy IR.
Of all admissible contract-pairs, we are interested in the one that minimizes expected payment.
So denote by ms (τTs , subωt ) the ex-ante (before observing the patient’s type in period t+1) expected
payment of τTs to a surgeon of quality s conditional on ωt and conditional on playing optimally
thereafter and let us (τTs , subωt ) denote the ex-ante expected utility of τTs to a surgeon of quality
s conditional on ωt and conditional on playing optimally thereafter. Note that ms (τTs , sub∅ ) and
us (τTs , sub∅ ) are monotonically related in all contracts τTs satisfying EF. This is so because expected
costs to a surgeon of quality s are the same in all contracts satisfying EF. In particular, given a

9

T -period contract-pair (τTh , τTl ) satisfying EF, it is straight forward to verify that
uh (τTh , subωt ) = mh (τTh , subωt ) − (T − t)
and
ul (τTl , subωt ) = ml (τTl , subωt ) − (1 − q)(T − t)
where, as defined above, (1 − q) is the probability that the patient’s problem is minor, i.e., pt = e.
We are now in a position to define an optimal contract-pair.
Definition 3. An Optimal Contract-pair. A pair of contracts (τ̂Th , τ̂Tl ) is called optimal if it is
admissible, and if for every admissible contract-pair (τTh , τTl ) we have
mh (τTh , sub∅ ) ≥ mh (τ̂Th , sub∅ ) and ml (τTl , sub∅ ) ≥ ml (τ̂Tl , sub∅ ).
Finally, denote by ps the ex-ante probability of a successful operation by a quality s surgeon
when eﬀort is exerted. That is,
ph = qπ(h,d) + (1 − q) π(h,e)
and
pl = qπ(l,d) + (1 − q) π(l,e) .

5

The Optimal Contract-pair
In this section we maintain the assumption that π(l,e) > π(h,d) and show that the optimal

contract-pair is a separating pair, in the sense that surgeons of diﬀerent quality sign diﬀerent
contracts. When this assumption does not hold (i.e., π(l,e) < π(h,d) ) the unique optimal contractpair is pooling. Since the analysis of the pooling case is very similar to that of the separating case,
it is postponed to Appendix B.
We start by characterizing the set of optimal contracts when the surgeon is known to be a
high-quality surgeon, and denote this set by ΓhT . We then show that when the surgeon’s quality is
unobservable, the contract oﬀered to the high-quality surgeon belongs to ΓhT . Thus, when quality is
10

unobservable, the contract assigned to the high-quality surgeon is the second-best contract and the
binding constraint is the incentive constraint on the low-quality surgeon, whose purpose is to ensure
that he will prefer the contract assigned to him to the one assigned to the high-quality surgeon.
While the high-quality surgeon is indiﬀerent between all contracts in ΓhT (see point 2 below), this
is not the case for the low-quality surgeon. The main theorem of this section establishes that the
optimal contract for the high-quality surgeon is the contract in ΓhT that would minimize the payoﬀ
of the low-quality surgeon if he pretended to be a high-quality one and adopted it. In this contract
a success in period t is rewarded only if it is followed by a success in every period following t. This
contract, in a way, is the riskiest contract in ΓhT , however, and this is crucial, it is exponentially
more risky to the low-quality surgeon than it is to the high-quality one. In contrast, the optimal
contract to the low-quality surgeon is the contract that pays a fixed amount per successful operation
and, makes the low-quality indiﬀerent between the two contracts. It is shown that as T gets larger,
the per-success expected payment in the optimal contract-pair approaches the expected amount
paid when quality is observable.

5.1

Surgeon’s Quality is Known to be High

We now characterize the set of optimal contracts to a surgeon whose quality is known to be high.
A contract τ̂Th belongs to ΓhT if it satisfies IR and EF and if there is no other contract τTh that also
satisfies IR and EF and for which expected payment is lower, i.e., mh (τTh , sub∅ ) < mh (τ̂Th , sub∅ ).
Before we proceed and study the properties of ΓhT few points are worth mentioning.
1. Note that although the surgeon’s quality is observable, there are still problems of moral
hazard and adverse selection to solve because the surgeon’s eﬀort and the patient’s type are
not observable by the principal. Indeed note that if the patient’s type is also observable, then
a first-best solution can be achieved through a simple contract that promises a payment of
c/π(h,d) per successful operation on a patient with a major problem (pt = d), and a payment
of c/π(h,e) per successful operation on a patient with a minor problem (pt = e). Such a
contract satisfies EF and at the same time brings the surgeon to his IR utility. However,
when the type of the patient is not observable to the principal and he relies on the surgeon’s
report of the patients’ type, the contract is not incentive-compatible since the surgeon will

11
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Figure 2: Three-period Contract for A High-quality Surgeon

always report that the patient has a major problem. As a result, when the patient’s type is
not observable, the optimal contract does leave the surgeon some information rent.
Indeed, if τ̂Th ∈ ΓhT , then for every history ωT −1 ∈ ΩT −1 , τ̂Th provides incentives for the surgeon
to exert eﬀort whenever the patient’s problem is major. So consider the following feasible
strategy for the surgeon: do not exert eﬀort in all periods t ∈ {1, .., T − 1} and exert eﬀort in
T only if the patient’s problem is minor. Note that this strategy guarantees a strictly positive
expected payoﬀ since the payment after a sequence of failures is nonnegative and the payment
at the last period provides incentives even if pT = d. It allows us to conclude that if τ̂Th ∈ ΓhT ,
then uh (τTh , sub∅ ) > 0.
2. The definition of ΓhT implies that expected payment is the same in all contracts in ΓhT . Since
expected costs are the same in all contracts satisfying EF and in particular in all contracts
in ΓhT , the surgeon is indiﬀerent between all contracts in ΓhT .
A 3-periods contract for the high-quality surgeon, where histories containing zeroes are ignored,
is described below
The following lemma, proved in Appendix A, lists a few properties that are satisfied by all
contracts belonging to ΓhT . These properties are then used to characterize the set ΓhT of optimal
contracts.
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Lemma 1. Properties of ΓhT
h ∈ Γh , then ∃ τ h
h
h
h
1. If τK
K
K−1 ∈ ΓK−1 s.t. ∀ωK−1 ∈ ΩK−1 , τK (−1, ωK−1 ) = τK−1 (ωK−1 ).

¡
¢
¡
¢
h ∈ Γh , then uh τ h , sub
h τ h , sub
2. If τK
1 −u
−1 =
K
K
K

¡
¢
h ∈ Γh , then mh τ h , sub
h
3. If τK
∅ = Kp π
K
K
K

c

(h,d)

c
π(h,d) .

.

4. Assume τ̃Th satisfies IR and EF but τ̃Th ∈
/ ΓhT . Then, there exists τTh ∈ ΓhT such that for any
history ωT ∈ ΩT , τ̃Th (ωT ) ≥ τTh (ωT ) with strict inequality for at least one history ωT0 ∈ ΩT .
The first property of the lemma refers to the payments restricted to sub−1 . In the context of

Figure 2 above, it says that if a three-period contract belongs to Γh3 then the induced two-period
contract in sub−1 belongs to Γh2 . In other words, a failure in period one is not rewarded and, as a
result, from period two on, the surgeon is faces a K − 1-period contract.
Property 2 follows from the fact that eﬀort is not observable and will not be exerted unless
incentives are provided. In particular, if the first patient to show up turns out to have a major
problem, the surgeon will not exert eﬀort unless the diﬀerence in expected payoﬀ between a success
and a failure is enough to justify the risk of unsuccessful surgeory, an event that occurs with
probability (1 − π(h,d) ) if eﬀort is exerted. In a K-period contract, the reward for success in the
first period (which occurs with probability π(h,d) if the patient’s problem is major and eﬀort is
¡ h
¢
¡ h
¢
exerted) is given by uh τK
, sub1 − uh τK
, sub−1 . Thus, exerting eﬀort on a diﬃcult patient is

beneficial only if the expected gain is greater than the cost of exerting eﬀort. That is, only if
¡ h
¢
¡ h
¢
π(h,d) [uh τK
, sub1 − uh τK
, sub−1 ] ≥ c. The content of the second property is that an optimal
contract generates, in the first period, the minimal spread between the two subgames, that is

needed to provide these incentives.
Property 3 follows from the one-to-one relations between expected utility and expected payment
when EF is satisfied, and in particular it implies that Property 2 can be rewritten as
³
´
³
´
h
h
mh τK
, sub1 − mh τK
, sub−1 =

c
.
π(h,d)

Of course, the exact same argument holds in every period. That is, in every period incentives to
exert eﬀort on a diﬃcult patient must be provided. Thus, for all t ≤ T and for every history ωt the
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expected reward for success must be at least

c
π(h,d) ,

and it holds with equality in the first period.

Finally, recall that ex ante success occurs with probability ph = qπ(h,d) + (1 − q) π(h,e) , and you get
the expected payment in a K-period contract specified in Property 3.
The first three properties are employed in the proof of the fourth property, which establishes
an important characteristic property of the set ΓhK . That is, if a contract is not optimal, then
there exists an optimal contract that pays less in every possible history. The proof of the following
lemma, which is relegated to Appendix A, makes use of the four properties in Lemma 1 to provide
a characterization of ΓhT and in particular to show that for all T, ΓhT 6= ∅.
Lemma 2. Characterization of ΓhT .
i. τ1h ∈ Γh1 if and only if τ1h (1) = c/π(h,d) ,τ1h (−1) = 0, and τ1h (0) = 0.
h
ii. τK+1
∈ ΓhK+1 if and only if τK+1 can be constructed from contracts in ΓhK according to the

following procedure:
ii.1 The τK+1 payments restricted to sub−1 are a contract in ΓhK .
ii.2 The τK+1 payments restricted to sub1 are a contract in ΓhK inflated by an expected payment of c/π(h,d) , which is allocated to the diﬀerent histories of sub1 in any way, provided
that incentives to exert eﬀorts are not distorted.
Recall that by definition the expected payment is the same in all optimal contracts. This fact
together with Lemma 2 yields the following simple corollary and also establishes that the set ΓhT is
not empty.
Corollary 1. The set ΓhT 6= ∅ and in particular the contract τ̂Th ∈ ΓhT , where τ̂Th (ωT ) =

c
π(h,d) n (ωT ) ,

and n (ωT ) is the number of successful operations in ωT . Thus, a contract is optimal only if it pays
in expectation c/π(h,d) for every successful operation.

5.2

Surgeon’s Quality is Unobservable

Having characterized the set ΓhT we are now ready to study the case where the surgeon’s quality
is unobservable. Note that now the IC constraint must be taken into account since the surgeon will
choose the contract that maximizes his expected utility, and not necessarily the one designed for
him by the principal. We start by showing that if a contract-pair (τTh , τTl ) is optimal, then τTh ∈ ΓhT .
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Lemma 3. If (τTh , τTl ) is an optimal contract-pair, then τTh ∈ ΓhT .
Proof. Assume by way of contradiction that (τ̂Th , τ̂Tl ) is optimal but τ̂Th ∈
/ ΓhT . Since (τ̂Th , τ̂Tl ) is an
optimal contract-pair it is admissible and in particular both contracts satisfy IR and EF. Hence,
Property 4 in Lemma 1 implies that there exists a contract τ̃Th ∈ ΓhT such that for all history
ωT ∈ ΩT , τ̂Th (ωT ) ≥ τ̃Th (ωT ) with strict inequality for at least one history. Hence, replacing τ̂Th
with τ̃Th will decrease the expected utility of the low-quality surgeon should he pretend to be a
high-quality surgeon by adopting the high-quality surgeon’s contract. So consider a contract τ̃Tl
that pays r ≥ c/π(l,e) per success and makes the low-quality surgeon indiﬀerent to the contract τ̃Th .
To see that such a contract τ̃Tl always exists, it is enough to note that (i) a low-quality surgeon
can always adopt the contract τ̃Th and then exert no eﬀort to obtain a non-negative utility, and
(ii) a contract that pays c/π(l,e) per success satisfies EF and yields zero expected utility to the
low-quality surgeon.
We next argue that (τ̃Th , τ̃Tl ) is admissible. That is, (i) r ≤ c/π(l,d) , and (ii) the high-quality
surgeon prefers the contract τ̃Th to τ̃Tl . Note, however, that r ≤ c/π(h,d) is suﬃcient for (i) and (ii).
This is because (i) follows from c/π(h,d) < c/π(l,d) and (ii) from the fact that a contract that pays
c/π(h,d) per success belongs to ΓhT and the high-quality surgeon is indiﬀerent between all contracts
in Γ̂hT . Therefore, if r ≤ c/π(h,d) , the contract-pair (τ̃Th , τ̃Tl ) is admissible and generates a lower
expected payment to both agents than the pair (τ̂Th , τ̂Tl ), which is a contradiction.
So assume that r > c/π(h,d) and observe that a contract-pair that pays c/π(h,d) per success to
both types of surgeons is admissible and provides both types of surgeon with lower expected utility
than (τ̂Th , τ̂Tl ), which is again in contradiction to the assumed optimality of the original pair. We
conclude that if a contract-pair (τ̂Th , τ̂Tl ) is optimal, then τ̂Th ∈ ΓhT .¥
Note that while diﬀerent contracts in ΓhT generate the same expected utility for the high-quality
surgeon, they generate diﬀerent expected utilities for the low-quality one, if he chooses to adopts
them. It thus follows from Lemma 3 that a contract-pair (τ̂Th , τ̂Tl ) is optimal if the contract τ̂Th is
the one that, more than any other contract in ΓhT , minimizes the expected utility of the low-quality
surgeon. In other words, from the high-quality surgeon’s point of view, the set ΓhT consists of
diﬀerent lotteries between which he is indiﬀerent. However, from the point of view of the lowquality surgeon, these are diﬀerent lotteries and τ̂Th , to be defined below, is the riskiest among
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them. That is, although the set ΓhT for T > 1 is not a singleton and contains many contracts,
asymmetric information about the surgeon’s type pins down the contract that the designer oﬀers
to the high-quality surgeon. The theorem also establishes that as T → ∞ the optimal contractpair converges to the second-best pair, that is, the contract-pair that is oﬀered when the surgeon’s
quality is observable.
Prior to presenting the formal statement of the theorem, we describe its content in the simplest
possible dynamic context, i.e., when T = 2. In this case the theorem postulates that if the highquality surgeon performs an operation in period one and succeeds, he is compensated for this only
if he also performs a successful operation in period two. The compensation in the event that there
are two successes in a row, must be high enough to cover the extra risk involved in exerting eﬀort
in period one. Specifically;

τ̂2h =

⎧
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨

c 1+ph
π(h,d) ph
c
π(h,d)

if ω2 = (1, 1)
if ω2 = (0, 1)

⎪
⎪
0
⎪
⎪
⎪
⎪
⎪
⎩ 0

if ω2 = (1, 0)
if ω2 = (0, 0)

Note that while the high-quality surgeon (being risk-neutral) is indiﬀerent between this contract
and the one that pays

c
π(h,d)

per success, the low-quality surgeon strictly prefers the latter.

The following theorem characterizes the optimal contract-pair for T periods, while making use
of the following definitions:
1
k−1 .
(ph )
(ii) Let k̃(ωT ) be the length of the longest uninterrupted sequence of successful operations in

(i) Define A(k) recursively by letting A(0) = 0 and A (k) = A (k − 1) +
ωT , starting from period T backward.

¡
¢
Theorem 4. An optimal contract-pair τ̂Th , τ̂Tl has the following properties:
1. If ωT contains an outcome of 0, then τ̂Th (ωT ) = 0. Otherwise, if k̃(ωT ) = k, then τ̂Th (ωT ) =
c
π(h,d) A(k).

2. There exists a constant r, such that τ̂Tl (ωT ) = rn (ωT ), where n (ωT ) is the number of successful operations in ωT . Moreover, limT →∞ r =
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c
π(l,e) .

Proof. We start the proof by showing that the contract τ̂Th described in the theorem minimizes
the expected utility of the low-quality surgeon in all the contracts that belong to ΓhT . The formal
argument follows from Claim 1, setting ũ = 0; the proof of the claim is relegated to Appendix
A. First, note that if {0} ∈ ωT and τ̂Th (ωT ) > 0, then decreasing this payment will not aﬀect the
expected utility of the high-quality surgeon and will decrease (or will not aﬀect) the expected utility
of the low-quality surgeon from this contract. Therefore, without loss of generality we can restrict
our attention to contracts in ΓhT where the payments after histories containing {0} are zero.
Claim 1. Let ūhT denotes the expected utility of the high-quality surgeon from any contract in ΓhT .
Assume that, the principal is asked to provide the high-quality surgeon with an additional expected
utility of ũ ≥ 0 (in excess of ūhT ), but in a way that preserves incentives to exert eﬀort, while at the
same time minimizing the expected utility of the low-quality surgeon should he adopt this contract.
This is achieved by amending the contract τ̂Th described in Theorem 4-1 and adding a payment of
¡ ¢T
ũ/ ph after a sequence of T successful operations.
Proof. (continued) We proceed by constructing the contract τ̂Tl described in Theorem 4. The
constant r in τ̂Tl is chosen so that the low-quality surgeon is indiﬀerent between choosing τ̂Tl and
τ̂Th . Since the expected utility of the low-quality surgeon from τ̂Th is positive (one possible strategy
for him is to invest only in period T and only if the patient’s problem is minor), we have r ≥ c/π(l,e) .
Moreover, since a contract that pays c/π(h,d) per success belongs to ΓhT , Claim 1 implies that the
utility of the low-quality surgeon from this contract is higher than in τ̂Th , which in turn implies that
r ≤ c/π(h,d) . Therefore, since c/π(l,e) ≤ r ≤ c/π(h,d) , the contract τ̂Tl generates the right incentives
for the low-quality surgeon.
We complete the proof by showing the limit result. Note that to establish this result it is
suﬃcient to show that the expected utility of the low-quality surgeon from the contract τ̂Th stays
bounded as T → ∞. To show the last statement, it is enough to show, that as T → ∞, the
low-quality surgeon who adopts τ̂Th exerts eﬀorts in a finite number of (last) periods. Denote by
K the first period at which the surgeon begins exerting eﬀort conditional on the patient having a
minor problem. It is suﬃcient to show that as T → ∞, the optimal strategy for the low-quality
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surgeon who adopts τ̂Th , is to start exerting eﬀort only if t ≥ T − K, where K remains bounded
even if T → ∞.
Proof. Assume by way of contradiction that this is not the case and instead K → ∞ as T → ∞,
Observe however that whenever the surgeon exerts eﬀort, it aﬀects his utility only if it is followed
by an uninterrupted sequence of successes. That is, if the surgeon succeeds in all remaining K
periods (starting from period (T − K) till the end of the contracting period) he will, according to
τ̂Th , receive a payment of
c
π(h,d)

A(K) =

c
π(h,d)

³

´K

1
ph
1
ph

−1

−1

and zero otherwise. Recall that for any strategy of the low-quality surgeon, the probability of
¡ ¢K
success in K operations is less than or equal to pl . Since pl < ph , the expected utility of the
low-quality surgeon from any strategy in which he starts exerting eﬀort in period T − K is bounded

by
−c +

π(l,e)
ph

c
π(h,d)

Since
lim

K→∞

c
π(h,d)

π(l,e)
ph

³

³

pl
ph

pl
ph

´K−1
1
ph

´K−1
1
ph

¡ ¢K−1
− pl

−1

¡ ¢K−1
− pl

−1

= 0,

we are done.

Remark 4. Risk Aversion: The nature of the optimal contract of the high-quality surgeon described
above, where a success in period one, say, is rewarded only if it is followed by an uninterrupted
sequence of T successes, might seem rather extreme at first glance, especially when T is large. This is
however an artifact of the assumption that surgeons are risk-neutral. Of course, the same forces are
at play when this assumption is relaxed, but now the principal faces a trade-oﬀ. Making the contract
of the high-quality surgeon riskier enables the principal to lower the expected payment promised to the
low-quality surgeon, but it comes at the cost of increasing the expected payment oﬀered to the highquality surgeon in order to compensate for the extra risk. The exact characterization will now depend
on the surgeon’s degree of risk aversion as well as the principal’s priors of the likelihood that the
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surgeon is of high-quality. The assumed risk neutrality allows us to obtain a clean characterization,
that highlights the important forces that are at play.
Observe that when T = 1 (the static problem) the optimal contract-pair is actually pooling.
That is,
τ̂1h (ω) = τ̂1l (ω) =

⎧
⎪
⎨

c
π(h,d)

if ω = {1}

0

otherwise

⎪
⎩

.

When T > 1 the contract-pair in which this pooling payment scheme is repeated, satisfies IC and
EF . Theorem 4, however, shows that the dynamic structure alleviates the screening problem of
the principal and allows us to decrease the low-quality surgeon’s information rents. The optimal
contract uses the fact that some histories are more likely to occur when the contract is chosen by
the high-quality surgeon, rather than the low-quality one, for any choice of eﬀort. Increasing the
payments assigned to these histories at the expense of the payments assigned to the other histories
makes this contract much less attractive to the low-quality surgeon.

6

Conclusion
All along we maintained the assumption that π(l,e) > π(h.d) , and left the rather similar analysis

of the case where π(l,e) < π(h.d) to be dealt with in Appendix B (hereafter cases (i) and (ii)
respectively). It is, however, worth describing the main result of case (ii) and providing some
intuition for the sharp diﬀerences between the two cases and in particular for the fact that in case
(ii) the optimal contract-pair is pooling, in the sense that regardless of the surgeon’s type, he is
paid a fixed amount c/π(h,d) per success, as is shown in Theorem 5 in Appendix B. Recall that in
case (i) the contract that is oﬀered to the high-quality surgeon is the one that is oﬀered to him
when his quality is observable, and it is the low-quality who enjoins some information rent (which
converges to zero as T gets larger). As we establish in Appendix B, case (ii) is diﬀerent. First, it is
the high-quality surgeon who enjoins the information rent, and second the repeated nature of the
relation is not helpful.
To obtain some insights into the diﬀerences between the two cases, assume first that in every
t ∈ {1, ..., T } the principal is constrained to propose a short-term one-period contract only. It is
easy to see that in both cases the only contract-pair that satisfies EF and IC is a pooling one in
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which regardless of the surgeon’s quality he is paid a fixed amount per success: c/π(h,d) in case (i),
and c/π(l,e) in case (ii). Adopting the terminology developed above for long-term contracts, and
leting n (ωT ) denotes the number of successful operations in ωT , these contract can be written as
Case (i): τ̄Th (ωT ) = τ̄Tl (ωT ) =

c · n (ωT )
π(h,d)

Case (ii): τ̃Th (ωT ) = τ̃Tl (ωT ) =

c · n (ωT )
.
π(l,e)

and

Note that τ̄Th (ωT ) ∈ ΓhT , and τ̃Tl (ωT ) ∈ ΓlT , which implies that in case (i) the expected utility of
the high-quality surgeon is at its lower bound (at its level when his quality is observable), while
the expected utility of the low-quality surgeon is above its lower bound. The reverse, however, is
true in case (ii), where the expected utility of the low-quality surgeon is at its lower bound.
As we show in the analysis of case (i) above, the important eﬀect of long-term contracts is the
availability of other contracts in ΓhT which, from the low-quality surgeon’s point of view, are worse
than τ̄Th (ωT ). The optimal contract-pair exploits this by assigning the high-quality surgeon the
contract in ΓhT that is the least attractive to the low-quality surgeon. This enables the principal to
then assign to the low-quality surgeon a contract that yields a lower expected payment than the
repeated short-term contract τ̄Tl (ωT ) . In case (ii) it is the high-quality surgeon who is receiving a
level of expected utility above his lower bound. But unlike in case (i) where the short-term contract
τ̄Th (ωT ) was, to the low-quality surgeon, the best in ΓhT , now the short-term contract τ̃Tl (ωT ) is the
worst in ΓlT to the high—quality surgeon. It follows that in case (ii) the short-term contract is the
best the principal can achieve when the low-quality surgeon is already at his IR, because any other
contract τlT that satisfies EF would yield the high-quality surgeon an even higher expected utility.

7

Appendix A: Proofs for the Separating Contract Case
Proof of Lemma 1:
h ∈ Γh , τ h provides suﬃcient
Property 1: Assume that this property is false. Since τK
K
K

incentives in all subgames, and in particular in sub−1 (the subgame following a failure in the first
h with τ̃ h , where τ̃ h is obtained by amending the contract τ h and
period). Consider replacing τK
K
K
K
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replacing the payments in all histories that belong to sub−1 , adopting instead the payments in one
h (−1, ω
h
of the optimal K − 1-period contracts in ΓhK−1 . That is, τ̃K
K−1 ) = τ̃K−1 (ωK−1 ). Clearly,

the proposed change does not aﬀect incentives in sub1 . Also, because an optimal K − 1-period
contract provides incentives in the K − 1-period problem, incentives are provided in sub−1 .
Since the new payment scheme in sub−1 , is a contract in ΓhK−1 , it minimizes expected payment
in all schemes that provide incentives. That is,
h
h
, sub−1 ) < mh (τK
, sub−1 )
mh (τ̃K

(1)

because otherwise the τK payments restricted to sub−1 is a contract from ΓhK−1 . Since incentives
h to exert eﬀort in period one on a patient with a major problem, it must be the
are provided by τK

case that
h
h
uh (τK
, sub1 ) − uh (τK
, sub−1 ) ≥

c
π(h,d)

and in particular
h
h
mh (τK
, sub1 ) − mh (τK
, sub−1 ) ≥

c
.
π(h,d)

(2)

This together with (1) implies that
h
h
uh (τK
, sub1 ) − uh (τ̃K
, sub−1 ) >

c
π(h,d)

which guarantees that incentives to exert eﬀort in period one are preserved and in general incentives
are provided in the revised K-period contract. Finally, note that since this revision decreases the
expected utility of the surgeon after failure in the first period and keeps the expected utility after
success in the first period, it decreases the expected payment, which is in contradiction to the
claimed optimallity of the original contract.¥
h ∈ Γh but
Property 2: Assume by way of contradiction that τK
K
h
h
, sub1 ) − uh (τK
, sub−1 ) 6=
uh (τK

c
π(h,d)

and recall that since an optimal contract provides incentives to exert eﬀort, it must be the case

21

that
h
h
uh (τK
, sub1 ) − uh (τK
, sub−1 ) >

c
π(h,d)

,

h to τ̃ h so that τ̃ h (1, ω
h
Therefore, let us revise τK
K−1 ) = τK (−1, ωK−1 ) +
K
K

c
π(h,d) .

Note that

h are kept and that uh (τ h , sub ) is now decreased to uh (τ h , sub ) +
incentives to exert eﬀorts in τ̃K
1
−1
K
K
c
π(h,d)

h being optimal.¥
so that expected payment is decreased, which is in contradiction to τK

Property 3: The simple proof is done by induction. Observe first that for T = 1 we have
¡
¢
c
c
and τ1h (−1) = 0, which implies that mh τ1h , sub∅ = ph π(h,d)
. Next assume that if
τ1h (1) = π(h,d)
¡
¢
h
h
τK−1
∈ ΓhK−1 then mh τK−1
, sub∅ = (K − 1) ph π c . From Properties 1 and 2 it follows that
(h,d)

³
´
h
, sub∅ = (1 − ph )(K − 1)ph
mh τK
= Kph

c

π(h,d)

c
c
c
+ ph [(K − 1)ph
+
]=
π(h,d)
π(h,d) π(h,d)

,

which is the desired final step of the proof.¥
Note that Properties 1, 2, and 3, together imply that in any optimal contract we have
³
´
h
mh τK
, sub1 = (K − 1) ph c/π(h,d) + c/π(h,d) .
Denote by ūhT the expected utility of the high-quality surgeon from any contract in ΓhT . That is,

ūhT = T ph

c
− T c.
π(h,d)

Property 4: This property is an immediate consequence of the following claim:
Claim 2. If a T -period contract τTh satisfies EF and IR and generates expected utility u > ūhT ,
then for any ũ ∈ [ūhT , u) there exists another T -period contract τeTh that satisfies EF and IR and

generates an expected utility of u
e and for all ωT ∈ ΩT , τ̃Th (ωT ) ≤ τTh (ωT ) with at least one strict
inequality.

Proof. The proof is done by inducting on the contract’s length, T . Assume that T = 1 and observe
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that since τ1h satisfies eﬃciency, we have
τ1h (1) − τ1h (−1) ≥
Moreover,

c
π(h,d)

.

´
³
ph τ1h (1) + 1 − ph τ1h (−1) − c = u.

Consider two cases.
Case 1. τ1h (−1) ≥ u − u
e. In this case, we set τe1h (ω1 ) = τ1h (ω1 ) − (u − u
e) for ω1 ∈ {1, −1}. It

can be easily verified that the new contract satisfies EF and IR and generates an expected utility
of u
e, and for any ω1 ∈ {1, −1} holds τe1h (ω1 ) < τ1h (ω1 ).

Case 2. τ1h (−1) < u − u
e. In this case set τe1h (−1) = 0 and τe1h (1) =

u
h+c
ph

<

u+c−(1−ph )τ1h (−1)
ph

=

τ1h (1) , where the inequality follows from the fact that in this case u − u
e > τ1h (−1). Since u
e ≥ ūh1 ,
incentives are preserved. Moreover, the contract τe1h generates an expected utility of u
e and for any

ω1 ∈ {1, −1} we have τe1h (ω1 ) ≤ τ1h (ω1 ). This complete the proof for T = 1.

Having established the claim for T = 1, we proceed by assuming the statement holds for

T = K − 1 periods and show that it holds for T = K periods. Assume that there exists a K- period
¡
¢
h for which uh τ h , sub
h
contract τK
∅ > ūK . As in the case of T = 1, we consider two cases.
K
¡ h
¢
Case 1. uh τK
, sub−1 −ūhK−1 ≥ u−e
u. In this case consider two K−1-period contracts that sat³
´
¡ h
¢
h
h
h
isfy EF and IR τK−1,−1
and τK−1,1
such that uh τK−1,−1
, sub∅ = uh τK
, sub−1 −(u − u
e) and for
¡
¢
h (−1, ω
h
h τ h , sub
e) ≥ ūhK−1 , the inducwhich we have τK
−1 − (u − u
K−1 ) ≥ τK−1,−1 (ωK−1 ) (since u
K
³
´
¡ h
¢
h
tion argument guarantees the existence of such a contract) and uh τK−1,1
, sub∅ = uh τK
, sub1 −
¡
¢
h (1, ω
h
h τ h , sub −(u − u
(u − u
e) and for which we have τK
e) ≥ ūhK−1 ,
1
K−1 ) ≥ τK−1,1 (ωK−1 ) (since u
K
h , such
the induction argument guarantees the existence of such a contract). Construct a contract τeK

h (1, ω
h
h (−1, ω
h
that τeK
eK
K−1 ) = τK−1,1 (ωK−1 ) and τ
K−1 ) = τK−1,−1 (ωK−1 ) for any ωK−1 ∈ ΩK−1 .

First, notice that by construction, the incentives in any subgame after the first period are guaran¡ h
¢
¡ h
¢
¡ h
¢
¡ h
¢
teed. Second, since uh τK
, sub1 − uh τK
, sub−1 = uh τeK
, sub1 − uh τeK
, sub−1 , the first-

period incentives are preserved. The expected utility of the high-quality surgeon is given by
¡ h
¢ ¡
¢ ¡ h
¢
e. Finally, by construction, for all ωK ∈ ΩK
ph uh τeK
, sub1 + 1 − ph uh τeK
, sub−1 − c = u
h (ω ) ≤ τ h (ω ), where the inequality is strict for at least one ω ∈ Ω .
we have τ̃K
K
K
K
K K
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¡ h
¢
Case 2. uh τK
, sub−1 − ūhK−1 < u − u
e. Consider two K − 1- period contracts that satisfy
³
´
³
´
h
h
h
h
EF and IR τK−1,−1
and τK−1,1
such that uh τK−1,−1
, sub∅ = ūhK−1 and uh τK−1,1
, sub∅ =
h ,sub
¡ h
¢
u
h+c−(1−ph )ūh
u+c−(1−ph )uh (τK
−1 )
K−1
<
= uh τK
, sub1 where the inequality follows from the
ph
ph
¡ h
¢
, sub−1 − ūhK−1 < u − u
e. Since
fact that in this case uh τK

and

uh

³
´ ³
´ ³
´
h
h
e + c > ūhK + c > ūhK−1 + c
ph uh τK−1,1
, sub∅ + 1 − ph uh τK−1,−1
, sub∅ = u

³
´
³
´
h
h
h
h
τK−1,−1 , sub∅ = ūK−1 we get that u τK−1,1 , sub∅ > ūhK−1 . The induction argu-

ment guarantees the existence of the contracts with the required properties. As in the previous
h from two K − 1-period contracts, τ h
h
case we construct a contract τeK
K−1,−1 and τK−1,1 , such that

h (1, ω
h
h (−1, ω
h
eK
τeK
K−1 ) = τK−1,1 (ωK−1 ) and τ
K−1 ) = τK−1,−1 (ωK−1 ) for any ωK−1 ∈ ΩK−1 . The

rest of the proof is similar to the proof of Case 1.
Proof of Lemma 2:

Consider first the set Γh1 of one-period optimal contracts. Because eﬀort is not verifiable,
incentives must be provided to induce eﬀort-exerting even when p1 = d, where the probability of
success is low. It follows that incentives to exert eﬀort on all types of patients are provided if and
only if τ1h (1) − τ1h (−1) ≥ c/π(h,d) . We conclude that Γh1 is a singleton and τ1h ∈ Γh1 if and only if
τ1h (1) = c/π(h,d) and τ1h (−1) = 0, which establishes (i) in the statement of the lemma. To complete
the proof, note that Property 1 in Lemma 1 shows (ii.1) and to establish (ii.2) it is enough to
h ∈ Γh there exists a contract τ̃ h
h
show that for every τK
K
K−1 ∈ ΓK−1 such that for any history ωK−1
h
h (1, ω
we have τ̃K−1
(ωK−1 ) ≤ τK
K−1 ). This, however, follows from Property 4 in Lemma 1.

Proof of Claim 1. The proof is done by induction on T, the length of the contract. For T = 1, the
statement holds trivially. We assume then that the statement holds for T = K and next prove it for
h
T = K + 1. Denote by τ̃K+1
a contract that yields a utility of ūhK+1 + ũ to the high-quality surgeon
h
and the induced contract on sub1 and sub−1 by τ̃K+1
are as described in point 1 of Theorem 4

amended by some non-negative extra payments μ1 in sub1 and μ−1 in sub−1 , that are paid after
a history of K uninterrupted successes. First note that it is always possible to find μ1 and μ−1
h
such that: (i) uh (τ̃K+1
, sub∅ ) = ūhK+1 + ũ, (ii) the incentives for the high-quality surgeon are
h
preserved (for example by choosing μ−1 = 0), and (iii) by the induction argument τ̃K+1
minimizes
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the expected utility of the low-quality surgeon in each of these subgames in all contracts that
generate an expected utility of ūhK + (ph )K μ1 and ūhK + (ph )K μ−1 , respectively.
Proof. It is left for us to show that μ−1 = 0. Assume by way of contradiction that μ−1 > 0 and
consider decreasing μ−1 (the payment after a failure following a sequence of K successes) by ε > 0
h

p
and increasing μ1 (the payment after a sequence of K + 1 successes) by ε 1−p
h . Note that this

change does not aﬀect the expected utility of the high-quality surgeon and preserves his incentives.
Moreover, this change decreases the expected utility of the low-quality surgeon because for any
strategy of the low-quality surgeon, his utility decreases with ε and hence, the same is true of the
strategy that maximizes his utility.

8

Appendix B: The Pooling Contract-pair
In this appendix we turn our attention to the second case, where π(l,e) ≤ π(h,d) . In solving

for the optimal contract we take a route as similar as possible to the one used in solving for the
first case, where π(l,e) > π(h,d) . That is, we start by assuming that the surgeon is known to be
a low-quality one, and define the set of optimal contracts ΓlT . After characterizing ΓlT , we drop
the assumption that the surgeon is known to be a low-quality one and show, that when surgeon’s
quality is unobservable the contract-pair (τTh , τTl ) is optimal only if τTl ∈ ΓlT . Equipped with this
result, it is rather easy to characterize the optimal contract pair (τ̄Th , τ̄Tl ) and show that τ̄Th ≡ τ̄Tl .

8.1

Surgeon’s Quality is Known to be Low

First note that unlike the contract for the high-quality surgeon who is expected to operate on
all types of patients the contract for a low-quality surgeon imposes no such requirement. It is thus
necessary to consider also payments after histories along which at some t the surgeon’s choice was
not to operate. A two-period contract for a low-quality surgeon is depicted below.
One of the diﬀerences between the current case and the previous one is that the optimal mechanism provides no information rents to the surgeon. In particular, note that a contract that pays
a constant sum of

c
π(l,e)

per success provides eﬃcient incentives and generates an expected utility
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of zero to the surgeon, which, in particular, implies that it is optimal. The next lemma provides a
characterization of the set ΓlT of T -periods optimal contracts when the surgeon is known to be a
low-quality one.
Lemma 4. Properties of ΓlT
¡
¢
¡
¢
1. If a contract τTl ∈ ΓlT then, ul τTl , sub1 −ul τTl , sub−1 =

c
π(l,e)

¡
¢
¡
¢
and ul τTl , sub0 = ul τTl , sub−1 .

2. If a contract τTl ∈ ΓlT then ∃ τTl −1 ∈ ΓlT −1 s.t. ∀ωT −1 ∈ ΩT −1 , τTl (−1, ωT −1 ) = τTl −1 (ωT −1 ).
Also ∃ τTl −1 ∈ ΓlT −1 s.t. ∀ωT −1 ∈ ΩT −1 , τTl (0, ωT −1 ) = τTl −1 (ωT −1 ).
¡
¢
3. If a contract τTl ∈ ΓlT then ml τTl , sub∅ = T · c · pl π1−q .
(l,e)

¡
¢
4. Assume that a T -period contract τTl satisfies EF and IR and for which ul τTl , sub∅ = u > 0.

Then for any ũ ∈ [0, u) there exists another T -period contract τ̃Tl that also satisfies EF and IR
¡
¢
and for which ul τ̃Tl , sub∅ = ũ. Moreover, for any history ωT ∈ ΩT we have τ (ωT ) ≥ τ̃ (ωT )
with at least one strict inequality.

¡
¢
¡
¢
Proof: Property 1. First, observe that if ul τTl , sub1 − ul τTl , sub−1 <

c
π(l,e)

the low-

quality surgeon will not exert eﬀort even if an easy patient arrives in the first period. Also note
¡
¢
¡
¢
that ul τTl , sub0 ≥ ul τTl , sub−1 since otherwise the surgeon will perform surgery without ex-

erting eﬀort when a diﬃcult patient arrives in the first period. Assume then that τTl ∈ ΓlT but
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¡
¢
¡
¢
ul τTl , sub1 − ul τTl , sub−1 >

c
π(l,e) .

Consider then the following changes: in sub0 adopt the same

payment as in sub−1 and in sub1 add a payment of

c
π(l,e)

to every history of sub−1 . Note that this

changes preserve incentives and decreases the expected payment, in contradiction that τTl ∈ ΓlT .
Property 2. Assume that this property is false. Since τTl ∈ ΓlT , τTl provides suﬃcient incentives
in all subgames, and in particular in sub−1 . Consider revising the contract τTl to τ̃Tl by replacing
the payments in all histories that belong to sub−1 , adopting instead the payments in one of the
optimal T − 1-period contracts τ̃Tl −1 ∈ ΓlT −1 (that is, τ̃Tl (−1, ωT −1 ) = τ̃Tl −1 (ωT −1 )) and adjusting
the contracts in other subgames correspondingly (that is, adopting in sub0 the same payments as
in sub−1 , while adopting in sub1 the same payments as in sub−1 and adding

c
π(l,e)

to every history).

Clearly, the proposed change preserves incentives to invest in all subgames after the first period
and generates eﬃcient incentives in the first period.
Since the new payment scheme in sub−1 is a contract in ΓlT −1 it minimizes expected payment in all schemes that provide incentives. It follows that the proposed change strictly decreases
¡
¢
ul τTl , sub−1 because otherwise the τTl payments restricted to sub−1 is a contract from ΓlT −1 .
¡
¢
¡
¢
Property 1 of the lemma implies that this changes also decreases ul τTl , sub0 and ul τTl , sub1 ,
in contradiction to τTl ∈ ΓlT . The same argument also establishes that the payments in sub0 is a

contract in ΓlT −1 .
Property 3. Consider the contract that pays c/π(l,e) per success (i.e., pays

nc
π(l,e)

after a history

of n successful operations). Note that this is an optimal contract even when the designer observes
the type of the arriving patient and the eﬀort exerted by the surgeon. Therefore, it is an optimal
contract when the patient’s type and the surgeon’s eﬀort are not observable. Since in this contract
¡
¢
ml τTl , sub∅ = T · c · pl π1−q
any optimal contract should pay the same expected payment as the
(l,e)
one described above.

Property 4. The proof is done by induction on the contract’s length T. Start with T = 1 and
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observe that since τ1l satisfies EF we have that
¢
¡
τ1l (0) ≥ π(l,d) τ1l (1) + 1 − π(l,d) τ1l (−1) − c

(3)

τ1l (0) ≥ τ1l (−1)

¡
¢
τ1l (0) ≤ π(l,e) τ1l (1) + 1 − π(l,e) τ1l (−1) − c
¡
¢
τ1l (−1) ≤ π(l,e) τ1l (1) + 1 − π(l,e) τ1l (−1) − c
There are two cases to consider.
Case 1 τ1l (0) ≥ ũ. From (3) we get that
¡
¢
π(l,e) τ1l (1) + 1 − π(l,e) τ1l (−1) − c ≥ τ1l (0) ≥ ũ.
So first set τ̃1l (0) = ũ . If τ1l (−1) ≥ ũ then set τ̃1l (0) = τ̃1l (−1) = ũ and τ̃1l (1) = ũ +

(4)
c
π(l,e)

≤ τ1l (1) ,

where the last inequality follows from the fact that the original payment satisfied EF, which in
particular implies that τ1l (1) ≥ τ1l (−1) +

c
π(l,e) .

Now note that since the expected payment are

strictly lower in τ̃1l and both contracts satisfyEF, there exists at least one history where the payment
in τ̃1l is strictly lower than in τ1l . If τ1l (−1) < ũ then (4) and the fact that expected utility in τ1l is u
c+ũ−(1−π(l,e) )τ1l (−1)
c+ũ−(1−π(l,e) )τ1l (−1)
imply that τ1l (1) >
. Setting τ̃1l (1) =
, and τ̃1l (−1) = τ1l (−1) .
π
π
(l,e)

Recall that

τ̃1l (0)

= ũ and observe that

(l,e)

τ̃1l

generates an expected utility of ũ and satisfies EF.

Case 2 τ1l (0) < ũ. We start by setting τ̃1l (0) = τ1l (0) and proceed by decreasing the utility from
exerting eﬀort by

u−ũ
1−q ,

set τ̃1l (ω1 ) = τ1l (ω1 ) −
τ̃1l (1) =

ũ+c−qτ̃1l (0)
(1−q)π(l,e)

which will generate for τ̃1l an expected utility of ũ. If τ1l (−1) ≥
u−ũ
1−q

for ω1 ∈ {1, −1}. If however τ1l (−1) <

u−ũ
1−q

u−ũ
1−q

then set τ̃1l (−1) = 0 and

< τ1l (1) , where the last inequality follows from the fact that when τ1l (−1) <

decreasing the utility of the agent from exerting eﬀort by

u−ũ
1−q

then

u−ũ
1−q ,

implies that the payment conditional

on success should be decreased by more than the amount decreased in the case where τ1l (−1) ≥

u−ũ
1−q .

However, since ũ − qτ̃1l (0) > 0, the payments in τ̃1l satisfy EF and all payments are lower.
Having established the claim for T = 1 we proceed by assuming that the statement holds for
l for
T = K − 1 periods and show that it holds for T = K periods. Assume that there exists τK
l , sub ) = u > 0. Similarly to the proof for T = 1, there are two cases to consider.
which ul (τK
∅
¡
¢
l , sub
e. We start by replacing the payment in sub0 with a K − 1-period conCase 1 ul τK
0 ≥u
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l
l
l (0, ω
tract τ̃(K−1)
that generates an expected payment of ũ and for which τ̃(K−1)
(ωK−1 ) ≤ τK
K−1 )
0
0
¡ l
¢
∀ωK−1 ∈ ΩK−1 . Such a contract exists by the induction argument. If ul τK
, sub−1 ≥ ũ then we

l
replace the payments in sub−1 with a K − 1-periods contract τ̃(K−1)
(ωK−1 ) that generates an ex−1

l
l (−1, ω
pected payment of u
e and for which we have τ̃(K−1)
(ωK−1 ) ≤ τK
K−1 ) ∀ωK−1 ∈ ΩK−1 (again,
−1

such a contract exists by the induction argument). We complete this part of the argument by re-

l
placing the payments in sub1 with a K − 1-periods contracts τ̃(K−1)
(ωK−1 ) that generates an
1

expected payment of ũ + π c

(l,e)

l
l (1, ω
and for which τ̃(K−1)
(ωK−1 ) ≤ τK
K−1 ) ∀ωK−1 ∈ ΩK−1 (again,
1

such contract exists by the induction argument). We still have to show that there exists an history
l generated from the three
ωK for which the inequality is strict. However, since the new contract τ̃K
l
contracts τ̃(K−1)
for z = −1, 0, 1 generates a strictly lower expected payment and both contracts
z

satisfy eﬃciency, there must exists at least one history for which the inequality is strict.
¡ l
¢
The proof of the case where ul τK
, sub0 < ũ is proved similarly. ¥

Remark 5. An immediate consequence of the lemma and in particular of Property 3 is that for all
¡
¢
τTl ∈ ΓlT , we have ul τTl , sub∅ = 0.

8.2

Surgeon’s Quality is Unobservable

We are now ready to characterize the optimal contract-pair when π(l,e) ≤ π(h,d) , which is shown
to have a very simple structure. Namely, the two contracts are the same and they pay a fixed
compensation per successful operation. Moreover, this contract belongs to the set of optimal
contracts when the surgeon is known to be a low-quality surgeon. We start by establishing the
latter.
Lemma 5. When π(l,e) ≤ π(h,d) , (τTh , τTl ) is an optimal contract-pair, only if τTl ∈ ΓlT .
/ ΓlT .
Proof. Assume by way of contradiction that (τTh , τTl ) is an optimal contract-pair but τTl ∈
Since (τTh , τTl ) is optimal the contract-pair is admissible and in particular satisfies IR and EF. Since
τTl ∈
/ ΓlT , Remark 5 implies that ul (τTl , sub∅ ) > 0. Hence, Property 4 of Lemma 4 implies that
there exists a contract τ̂Tl ∈ ΓlT such that for every history ωT ∈ ΩT , τTl (ωT ) ≥ τ̂Tl (ωT ) with strict
inequality for at least one ωT ∈ ΩT . Consider replacing (τTh , τTl ) with the pair (τ̂Tl , τ̂Tl ). To verify
that this contract-pair satisfies EF, note first that since π(h,d) > π(l,e) EF is satisfied for the highquality surgeon whenever it is satisfied for the low-quality one, and the latter holds since τ̂Tl ∈ ΓlT .
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Obviously, IC holds as well for this new contract-pair (τ̂Tl , τ̂Tl ). By definition, the expected payment
to the low-quality surgeon are now lower, and the same (with weak inequality) also holds for the
high-quality surgeon. That is,
³
´
³
´
(i) ml τ̂Tl , sub∅ < ml (τTl , sub∅ ) and (ii) mh τ̂Tl , sub∅ ≤ mh (τTh , sub∅ ).
To verify (ii), recall that the original contract-pair (τTh , τTl ) was incentive-compatible, which in
particular implies that the high-quality surgeon prefers the contract τTh to τTl . By Property 4 of
Lemma 4 the new contract τ̂Tl generates for the high-quality surgeon an even lower expected utility
than τTl . Since this contract satisfies EF, the monotonicity relation between expected payment and
expected utility implies (ii). This establishes the contradictions to the statement that the original
contract-pair (τTh , τTl ) was optimal.

Theorem 5. When π(l,e) ≤ π(h,d) , the optimal contract-pair (τ̂Th , τ̂Tl ) is
τ̂Th (ωT ) = τ̂Tl (ωT ) =

c · n (ωT )
π(l,e)

where n (ωT ) is the number of successful operations in ωT .
The proof of the theorem is a simple consequence of the following claim and hence will be
provided after the proof of the claim.
Claim 3. Assume that the principal is asked to provide the low-quality surgeon with an expected
utility of u ≥ 0 but in a way that preserves incentives to exert eﬃcient eﬀort while at the same
time minimizing the expected utility of the high-quality surgeon if he adopts this contract. This is
achieved by amending the contract τ̂Tl described in Theorem 5 and adding a payment of u after
every history. That is,
τ̃Tl (ωT ) =

cn (ωT )
+u
π(l,e)

for all ωT ∈ ΩT .

Proof. We prove by induction on the length of the contract T . Start with one period. Recall that
in this case the only optimal contract for the low-quality surgeon is τ1l (1) = c/π(l,e) , τ1l (−1) = 0,
and τ1l (0) = 0. Denote by u(ω1 ) the additional payment above τ1l (ω1 ) for ω1 ∈ {−1, 0, 1}. First,
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note that u(1) ≥ u(−1), because otherwise the surgeon will not exert eﬀort when an easy patient
arrives. In addition, observe that u(1) ≥ u(0) as otherwise, the low-quality surgeon will not
conduct surgery even if an easy patient arrives. Also note that u(0) ≥ u(−1), because otherwise
the surgeon will conduct the surgery (maybe without exerting eﬀort) even when the arriving patient
has a major problem, pt = d. Recall that since π(l,e) ≤ π(h,d) , if incentives are provided for the
low-quality surgeon to exert eﬀort on pt = e, then the high-quality surgeon will operate on all
types of patients, if he faces the same contract. Moreover, π(h,d) ≥ π(l,e) implies that specifying
u(1) = u(0) = u(−1) = u necessarily minimizes the utility of the high-quality surgeon from all
contracts that generate eﬃcient incentives for the low-quality surgeon and provides him with the
additional utility of u.
We assume that the statement holds for T = K − 1 periods and proceed to the proof of the
l that yields a utility of u to the low-quality
statement for T = K periods. Consider a contract τK

surgeon and minimizes the expected utility of the high-quality surgeon. We first show that the
l are as described in the statement of the claim.
induced contract on sub1 , sub0 , and sub−1 by τK

The reason for that is as follows, assume by way of contradiction that the above statement is false
l such that the induced contracts
and note that: (i) it is always possible to construct a contract τ̃K
l are as described in the statement of the claim and for which there
on sub1 , sub0 , and sub−1 by τ̃K
l and τ l , (ii) the
are u1 , u−1 , and u0 such that the low-quality surgeon is indiﬀerent between τ̃K
K
l , and (iii) by the induction argument, in
incentives for the low-quality surgeon are preserved in τ̃K
l decreases the expected utility of the high-quality
each of the subgames, the amended contract τ̃K

surgeon. We still need to show that u1 = u−1 = u0 = u. However, this proof is identical to the
proof of the one-period case.
Proof of Theorem 5. First observe that τ̂Tl ∈ ΓlT and that (τ̂Th , τ̂Tl ) satisfies EF and IR. It follows
that if we prove that (τ̂Th , τ̂Tl ) is optimal we are done. As in Theorem 4, we need to show that the
contract τ̂Tl described in the theorem minimizes the expected utility of the high-quality surgeon
from all contracts belonging to ΓlT but the rest of the proof follows from the previous claim for
u = 0.
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